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Abstract

Causal mediation analysis is an important tool for understanding how a treatment affects an
outcome through intermediate variables referred to as mediators. However, in many applications,
these mediators and pre-treatment covariates are not directly observed and are instead measured
through noisy, high-dimensional surrogates. Mediation analysis when such latent variables are
observed only through these surrogates remains less explored. In this paper, we propose Factor-
Adjusted Regression for Mediation Analysis (FARMA), a factor-based framework for estimating
direct and indirect effects when either one or both of the mediators and relevant pre-treatment
covariates are latent. FARMA uses the surrogate measurements to recover information about the
underlying latent variables. Under a latent factor structure, we show that the direct and indirect
effects are approximately identified, with an approximation error that vanishes as the surrogate
dimensions grow. We further show that our estimator is /m-consistent and asymptotically
normal. We combine the theory with extensive simulation studies and apply it to data from the
Alzheimer’s Disease Neuroimaging Initiative (ADNI) dataset, where we investigate whether the
effect of depressive symptoms on cognitive impairment is mediated through the latent process
underlying high-dimensional DNA methylation measurements.
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1 Introduction

Causal mediation analysis provides a principled framework for understanding the mechanisms through which
a treatment affects an outcome (Baron and Kenny, 1986; Pearl, 2001; Imai et al., 2010; VanderWeele and
Vansteelandt, 2014). It moves beyond testing whether an overall effect exists to ask how that effect operates
by separating the total effect into a direct effect, representing the effect through other pathways, and an
indirect effect, representing the effect through an intermediate variable (referred to as the mediator). With
advances in biostatistics, epidemiologic study designs, and causal inference methods, mediation analysis has
evolved considerably and is now applied across a wide range of disciplines (Valeri and VanderWeele, 2015). For
example, in biomedical research, mediation analysis has become a powerful tool for identifying mechanisms
of disease progression and for uncovering potential medicinal targets (MacKinnon, 2012; VanderWeele, 2015;
Jung, 2021). The statistical literature on mediation analysis has developed considerably from its early
regression-based formulations. The product-of-coefficients method of Baron and Kenny (1986) offered an
intuitive way to study mediated pathways. Later, the potential-outcomes framework of Rubin (1974) allowed
mediation to be defined in formal causal terms through the natural direct and indirect effects (Robins and
Greenland, 1992; Pearl, 2001), along with the conditions for their identification (Imai et al., 2010). Subsequent
work developed semiparametric, weighting, and multiply robust methods for their estimation and inference
(Tchetgen Tchetgen and Shpitser, 2012; VanderWeele and Vansteelandt, 2014; VanderWeele, 2015). Most
of these methods consider settings in which the mediator and the covariates needed for adjustment are
directly observed and can be represented using a relatively small number of variables. More recent work
has considered settings with mediation with unobserved structure (Albert et al., 2016; Derkach et al., 2019;
Ghassami et al., 2025) as well as high-dimensional mediators or covariates using different approaches (Zhang
et al., 2016; Huang and Pan, 2016; Chén et al., 2018; Zhang et al., 2018; Zhao and Luo, 2021; Perera et al.,
2022; Guo et al., 2022, 2023, 2024; Rakshit and Guo, 2024; Bo et al., 2024). Factor-model approaches have
also been widely used for dimension reduction and regression with high-dimensional data (Bai and Ng, 2002;
Bai, 2003; Fan et al., 2013, 2020; Fan and Liao, 2022).

However, in many real-world applications, the true mediators are not directly observed. Instead, re-
searchers may rely on a potentially large number of surrogate measurements that provide indirect informa-
tion about the underlying mediator. This creates the challenge of identifying and estimating natural direct
and indirect effects using only these observed surrogates. A motivating example arises in psychiatric and
neurodegenerative disorders, where mediating mechanisms involve complex molecular processes that cannot
be directly quantified. For instance, oxidative stress has been implicated as a key pathway linking depression
to Alzheimer’s disease (AD), the leading cause of dementia (Livingston et al., 2024; Buccellato et al., 2021).
The most direct way to quantify oxidative stress is by measuring reactive oxygen species (ROS), but this
is difficult due to their short lifespan and high reactivity (Katerji et al., 2019). Therefore, researchers rely
on more stable molecular signatures that reflect cumulative oxidative activity. Among them is DNA methy-
lation, which is altered in response to oxidative stress and can be measured at scale (Miranda et al., 2000;
Pandya et al., 2013; Black et al., 2015). While DNA methylation provides a useful surrogate to investigate
the mediating role of oxidative stress, its measurement across hundreds of thousands of CpG sites using high-
throughput assays results in a high-dimensional data structure where individual sites capture only partial
aspects of the underlying biological process, leaving the true latent mechanism distributed across the entire
profile. The key question, therefore, is how to identify and estimate mediated effects in such settings

Our Contribution. In this paper, we propose Factor-Adjusted Regression for Mediation Analysis
(FARMA), a factor-based framework for causal mediation analysis when the mediator and relevant pre-
treatment covariates may be latent and represented by high-dimensional surrogates. Our contributions are
threefold.

Identification. We establish identification of the causal natural direct and indirect effects when both
the mediator and the relevant covariate factors are latent. With a fixed number of surrogates, the target
effects are generally not point identified from the observed data alone without strong restrictions on the
data-generating process. We show that suitable projections of the high-dimensional surrogates yield an
observed-data parameter that approaches the latent target as the number of measurements increases, that
leads to the asymptotic point identification. The method does not require the true factor dimensions to
be known exactly and remains valid when the working dimensions are chosen as upper bounds on the true



dimensions (Bai and Ng, 2002; Onatski, 2010; Fan and Liao, 2022).

Estimation. Building on this identification result, we propose FARMA to estimate the causal effects.
FARMA constructs low-dimensional summaries of the surrogate covariates and mediators using data-driven
projection directions, and then uses these summaries in the mediation regressions. The method does not
require the true factor dimensions to be known exactly. It remains valid when the working dimensions are
chosen as upper bounds on the true dimensions, which is helpful in practice when the exact number of factors
is difficult to determine (Bai and Ng, 2002; Onatski, 2010; Fan and Liao, 2022). Under regularity and suitable
growth conditions on the surrogate dimensions, we show that the resulting estimator is y/n-consistent and
asymptotically normal for the parameter of interest. This result provides the basis for statistical inference
on the natural direct and indirect effects even when mediator are not observed directly.

Application. We apply FARMA to investigate the effect of depression on Alzheimer’s disease (AD)
mediated by oxidative stress, where the mediating process is not directly observed and is instead repre-
sented by high-dimensional DNA methylation measurements. We illustrate the approach using data from
the Alzheimer’s Disease Neuroimaging Initiative (ADNI) Study.

The paper is organized as follows. Section 2 presents the problem setting and model. Section 3 establishes
identification of the target parameter. Section 4 introduces the FARMA algorithm. Section 5 gives the
theoretical justification. Section 6 reports the simulation results. Section 7 presents a real-data study using
the ADNI dataset, where we investigate the effect of depression on Alzheimer’s disease mediated through
indirect pathways. Section 8 concludes and discusses future work.

2 Model Setting

We consider a binary treatment variable A € {0,1} (also called ezposure or action variable), and a real-
valued outcome Y € R. For each individual, we consider mediators fo; = [far,, ..., fa,] € RYZ through which
treatment may influence the outcome, and pre-treatment covariates fx = [fx,,..., fx,] € RP, which capture
baseline characteristics that may confound the relationship among treatment, mediators and outcome. We
use lowercase notation, such as fy, and fx,, to denote the individual coordinates within these factors,
respectively. The treatment can influence the outcome in two ways, indirectly through the mediators, or
directly without passing through them. Formally, the variables are assumed to be generated from the following
structural equations:

frr=(1-A4) (50 + Bofx + uXM,O) + A(51 +Bifx + UXM,I)»

(2.1)
Y = (1= A) (a0 + 50 fx + 0 far + o) + A + B Ex + 9 far + 1)

where €y and €; are centered outcome errors on the control and treated arms, uxa,o € R? and uxpy,; € R?
are the corresponding centered mediator structural noises, Bg, B; € R7%P, 3y, 3; € R?, and ~g,71 € RY are
unknown coefficients, and dp,d; € R? and ag,a; € R are intercepts. Note that we allow for an A — fx
interaction in the generation of f;, and A — fx and A — f); interactions in the generation of the outcome Y.
In many real-world applications, fx and fy; are latent (i.e., unobserved). Instead, we observe measure-
ments X € RP and M € R? that serve as noisy surrogates for these latent variables. We focus on high-
dimensional measurements with p > p and ¢ > g. We adopt the following factor model for the observed

measurements:
X =Txfx +uy, M =T pfa +uyy, (2.2)

where T'x € RPX? and T'j; € R?7%7 are unknown loading matrices, and uyx and ujy; are mean-zero errors.
Henceforth, we refer to fx and fj; as latent factors. Figure 1 summarizes the causal relationships among the
latent factors, treatment, and outcome specified in (2.1) with the measurement relationships in (2.2). The
standard mediation model with directly observed covariates and mediators is recovered as a special case by
setting p = p, ¢ = ¢, I'x = I,, and I'jy = I, with vanishing errors. In this case, X = fx and M = fj;, so
the structural equations in (2.1) can be written directly in terms of the observed variables X and M.

We first consider the setting in which fx and fj; are directly observed, and define the causal estimands
using the potential-outcomes framework (Rubin, 1974; Robins and Greenland, 1992). For each individual,
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Figure 1: Causal diagram for the factor-augmented mediation model. The observed high-dimensional variables X
and M are generated from the latent factors fx and fas, respectively.

let Y (@) denote the potential outcome under treatment A = a and mediator value fi; = fus, and let f](\;)

denote the potential mediator value under treatment A = a, where a € {0,1}. The potential outcome under
treatment a is then ¥'(@ = Y(@fi") The average treatment effect (ATE) admits the following decomposition:

E [y(l) _ y(O)} - |:Y(17f1(v})) _ y(lfz(v?))} +E |:Y(17f1(v(1))) _yoa)]
(2.3)

Total Effect Indirect Effect Direct Effect

The two terms on the right-hand side are the total indirect effect and the pure direct effect, respectively, in
the terminology of Robins and Greenland (1992). Following Pearl (2001), we refer to them as the natural
indirect effect (NIE) and the natural direct effect (NDE). In our setting, these effects are defined with respect
to fj;. The NIE measures the effect of changing the mediator from its potential value under control to its
potential value under treatment, while holding treatment fixed at A = 1. The NDE measures the effect of
changing treatment from A = 0 to A = 1, while holding the mediator at its potential value under control.

The decomposition in (2.3) depends on three counterfactual means, E[Y (V] (= E[Y(l*fzsdl))]), E[Y (O]
(= E[Y(O’fz(\?))]), and ]E[Y(lvff(\g))}. Under consistency, positivity and sequential ignorability, the first two can
be identified using some standard covariate adjustment. ]E[Y(l’fi(v[f)))} is a cross-world mean that combines the
outcome under treatment with the mediator value that would arise under control. Since its identification
requires additional assumptions that links the outcome and mediator across treatment regimes, we consider
this as our parameter of interest:

0y :=E {Y“vfi?))] . (2.4)
To identify 6y, we impose the following standard assumptions.
Assumption 2.1 (Consistency). ylafu) =y if A=a, far = for; fﬁ) =fyifA=a V a,fu.

Assumption 2.2 (Positivity). For all strata of fx, the probability of being in the treatment and control
group is positive, i.e., 0 < P(A=a | fx = fx), and the conditional density of the mediator is positive, i.e.,
0<P(fm|A=a,fx = fx) for all A, fx and fur.

In addition to positivity and consistency, we operate under the assumption of sequential exchangeability
(Imai et al., 2010), which implies that there are no unobserved confounders for the treatment-outcome,
mediator-outcome, and treatment-mediator relationships:

Assumption 2.3 (Sequential exchangeability). Let X; L X5 | X3 indicate that the random variables X
and X5 are conditionally independent given the random variable Xs.

1. Y(a’fM) 1 {A,fM} | f_)(, Y a, fM,
2. £ 1L A|fx,V a,

3. y@ho 1 £9 | £y Va,d, fu.



These assumptions concern the latent covariates fx and latent mediators f3;. Under consistency, positiv-
ity, and sequential exchangeability, the mediation formula of Imai et al. (2010) expresses 6y as a functional
of the joint distribution of (Y, A, fx, fy):

0o = //E[Y | fx = fx, far = far, A=1]dPe e, a(far | fx,0) dPey (fx)- (2.5)

Here, the mediation functional combines three components: the outcome regression under treatment, the
conditional distribution of the mediator factors under control, and the marginal distribution of the covariate
factors. This representation identifies 6y from the distribution involving the latent factors. In our setting,
however, fx and fj; are unobserved, so these components cannot be estimated directly from the available
measurements X and M. Under the linear structural model, (2.5) yields the closed form

b0 =E [Y0] = a1 4475, (2.6)

where the covariate contribution vanishes under E[fy] = 0. Building on this, we can more generally define

the mediation functional for any a,a’ € {0,1} as 0o = E[Y(“’ff(»‘; ))]. In particular, 619 = 6y, where the two
baseline potential outcomes are as follows:

b0 =EY O] = ag+1¢ 60, 611 =EY V] =01 +7] 6. (2.7)
Following the decomposition in (2.3), the natural direct and indirect effects are given by
ONDE = 010 — 000,  Onie = 011 — bho, (2.8)

so that the total effect is 617 — g9 = OnpE + Onig- Hence, evaluating these effects requires recovering 61,
0o, and 017 from the observed data. However, a central challenge that still remains is that their coefficients
are defined through models involving unobserved latent factors rather than direct measurements. In Sec-
tion 3, we show how suitable projections of the high-dimensional surrogates allow us to overcome this and
identify the parameters from observed data under appropriate conditions as the surrogate dimensions increase.

Notations. Throughout the paper, let n denote the sample size, and let p and ¢ denote the dimensions of
the surrogate vectors X and M, respectively. For any random variable, vector, or matrix X, let E[X] denote
its expectation and E[X | -] its conditional expectation. Let P(-) denote probability and P(- | -) conditional
probability. Let Cov(X) (or ¥x) denote its covariance matrix, and let Cov(X | -) represent its conditional
covariance matrix. Let N (u,X) denote the multivariate Gaussian distribution with mean p and covariance
Y. For any vector x, let ||x||2 denote its Euclidean norm. For any matrix X, let X T denote its transpose,
and let ||X|op and ||X]|p denote its operator norm and Frobenius norm, respectively. Let 1; and 04 denote
vectors of all ones and all zeros in dimension d (such as 1, or 1), and let I; denote the d x d identity matrix.
For real numbers a and b, define a Vb = max{a, b} and a Ab = min{a, b}. We denote the smallest and largest
eigenvalues of a symmetric matrix X by Apin(X) and Apax(X), and the smallest and largest singular values
of a rectangular matrix A by vmin(A) and vmax(A). For two possibly random sequences a,, and b,, write

an, < by, (equivalently b, > a,,) if a,, = 0,(b,,), meaning a,, /b, 2 0 whenever the ratio is well defined.

3 Identification

In this section, we show that high-dimensional surrogate measurements provide the information needed to
identify the mediation functional when both the covariates and mediators of interest are latent. Recall from
Section 2 that, under Assumptions 2.1-2.3, the structural models, and E[fx] = 0, the causal estimand reduces

to Oy = E[Y(l’fﬁ))] = a1+ 6p. When the surrogate dimensions p and ¢ are fixed and the latent factors are
unobserved, 6y is not generally identifiable. Since the surrogates are noisy measurements, their idiosyncratic
errors do not vanish at fixed dimension, and the map from observed moments to structural coefficients is
confounded by the error covariances ¥y, and Xy,,.

To overcome this, we establish approximate identification results for 6y, where the target is recovered up
to an error that vanishes as p, ¢ — oo. Since the latent factors are pervasive, information about each factor is



shared across many surrogate measurements, which allows low-dimensional projections to preserve common
factor information while filtering out idiosyncratic noise. We show that, under the structural models in
(2.1)~(2.2), 6y becomes point identifiable as the dimensions p, ¢ — co. We begin by stating the assumptions
needed for identification of fy. These assumptions ensure that the latent factors and the structural and proxy
errors are well-behaved.

Assumption 3.1 (Sampling, latent factors, and errors). There exist constants 0 < ¢ < C' < 00, independent
of n,p,q, such that the following conditions hold for each a € {0,1}.

(i) The sequence {(£x i, Ai, €qa,i, UX,i, UM, UX M,a,i) Foeq @5 independent and identically distributed.

(i1) For each a € {0,1} and i = 1,...,n, the errors €q;, Ux,i, Unm,, and Uxpq; are mean zero and
mutually independent, and (ea7i,ux,i,uM7i,uXM7a7i) A (fx 4, 4;).

(iii) The factor dimensions p and q are fived, and E[fx] = 0. For v € {fx,far}, ||ppviall2 < C.

(iv) Let f = (£¢,£);)". The conditional covariance matrices satisfy ¢ < Amin (Sgjaza) < Amax (Sfjaza) <

(v) Foru € {ux,upn,uxn,q}- The error covariance matrices satisfy ¢ < Amin(Bu) < Amax(Zu) < C.

Assumption 3.1 provides baseline conditions which are common in the factor model literature and ensure
the data-generating process is well-behaved. It provides the independence and moment conditions that are
used in the identification argument. Assumption 3.1(ii) yields the orthogonality relations between the latent
factors and idiosyncratic errors, while Assumption 3.1(iii)—(v) control the conditional means and keep the
relevant covariance matrices uniformly bounded and nondegenerate. Moreover, the independence from A also
implies that the proxy-error covariance matrices are the same in both treatment groups.

Assumption 3.2 (Model Parameters). There exist universal constants 0 < ¢ < C < oo such that, for
a € {0,1}, the following conditions hold.

(i) The structural parameters are uniformly bounded, max{|cy|, [|0a|2; ||Ball2s [|[Vall2; |Ballop} < C.
(i) The loading matrices satisfy

T T
c S )\min (FXFX) S )\max (FXFX> S C»
p p

and

T T
c S /\min (FMFM) S )\max (FMFM) S C.
q q

Assumption 3.2 (i) requires the structural parameters to remain uniformly bounded, which rules out
models in which the strength of the structural relationships diverges with the dimensions of the observed
surrogates and allows the approximation error to be controlled uniformly in p and ¢. Assumption 3.2 (ii)
requires the latent factors to be pervasive, in the sense that their loadings do not become asymptotically sparse
as p,q — oo. This ensures that each factor contributes a non-vanishing amount of variation to X and M. A
sufficient condition for Assumption 3.2(ii) is that the rows of I'x and I'j; are independently generated from
common distributions with finite second moments and positive definite second-moment matrices. Then, by
SLLN, I'{T'x /p and T'j,;T5s/q converge to fixed matrices, so that the eigenvalue bounds in Assumption 3.2(ii)
hold. This condition is widely used in literature (Stock and Watson, 2002; Bai, 2003; Fan et al., 2013) and
see Example 2.1 in Fan et al. (2020) for more discussion.

To exploit the high-dimensional structure, we introduce projection matrices that map the observed vari-
ables onto a lower-dimensional space while preserving information about the latent factors.

Definition 3.1 (Full-Projection Matrices). The matrices Wx € RP*P and Wy, € RI*9 are called full-
projection matrices with Wx = \/pVx and Wy = \/qVir where Vx € RP*P gnd Vi € R7%9 have minimum
and mazimum bounded eigenvalues, i.e., ¢ < Amin(Vy Vx) < Anax(Vy Vx) < C and ¢ < Amin (Vo Var) <
Amax (Vo Var) < C for some constant C, if the resulting matrices

Hy = JWilx; Hy= W[y (3.1)

have full column rank.



In Section 4, we will provide a specific choice of full-projection matrices. We next show by leveraging
full-projection matrices, the parameter 6y is (approximately) identifiable with fixed p and g. Define
0opq=e1 E[LLT | A=17'E[LY | A=1]
+ (e/E[QQT |A=0""E[QNT | A=0]) (S;E[LL" | A=1]""E[LY | A=1]).

where L = (1, p ' X "Wy, ¢ 'MTWy) ', Q = (1, p ' XTWx) ', and N = ¢"'W],M. Here, S; =
[qu(lﬂ;) Iq] € RI1*(1+P+d) he the selection matrix that selects last § elements.

Theorem 3.1. Suppose Assumptions 2.1-2.3 and 3.1-3.2 hold. Let Wx and W s be any full-projection
matrices, and 0y be defined as in Equation (2.6). Then, there exists a universal constant C > 0 independent
of p and q, such that

1 1 1
|90 - 90,p,q| S C (pyrznin(HX) + qu2 (H]u)) (1 + pV2 (Hx)) :

min min

If, in addition, pv2, (Hx) 1 oo and qvi;,,(Hy) T o0 as p,q — oo, then 0 p4 — 6o, i.c., 0 is point

min

identifiable as p,q — oo.

Remark 3.1. The theorem assumes that both X and M are high-dimensional. A similar argument can be
developed when either X or M is treated as fized (i.e., no factor structure is imposed), we can replace fx with
X in the model and identification can still be achieved through the remaining high-dimensional component.

For instance, if X is fized, then |0y — 0y 4 < C (m) . An analogous result holds when M is fized.

Theorem 3.1 provides an upper bound for the approximation error. As a consequence, it yields identifica-
tion of #y when p and g grow large. To the best of our knowledge, identification results of this type, have not
been explicitly established in this form in the literature, including parameters such as the average treatment
effect. We formalize this in the Corollary 3.2 where we define 015, ), as follows:

Ontipg = (I EILLT | A=1]7E[LY | A=1]
+ (e EQQT | A=1""E[QNT | A=1]) (S;E[LLT | A= 1]"'E[LY | A = 1]) )
- (elTE[LLT | A=0]"'E[LY | A= 0]
+ (e E[QQT | A=0"E[QNT | A=0)) (S;E[LLT | A=0]"'E[LY | A =0]) )

Corollary 3.2. Consider the structural models in (2.1)—(2.2). Suppose Assumptions 2.1-2.3 and 3.1-5.2
hold. Define Oarg := (a1 + 71 61) — (g + g o). Then, OaTg satisfies the conditions of Theorem 3.1, there
exists a universal constant C > 0, independent of p and q, such that

1 1 1
‘QATE N 9ATE,p,q’ S C (pyzzniu(HX) + (IVI%“"(HM)) (1 + puzznin(HX)) ’
Moreover, if pv2, (Hx) — oo and qu?

min(HM) — 00, then oATE,p,q — 0ATE7 and hence QATE 8 point
identifiable as p,q — oo.

4 FARMA Algorithm for Mediation Analysis

In this section, we present FARMA for estimating the mediation functional 6y = a; + 7 p. The procedure
constructs projection directions on one subsample and fits two low-dimensional regressions on the other, then
interchanges the subsamples and averages the resulting estimates. Let p and ¢ denote the working dimensions
of the covariate and mediator projections, respectively.



Algorithm 1 Cross-fitted FARMA estimator of the mediation functional
Step 0: Randomly partition the sample indices into two approximately equal folds, D; and Ds.

Step 1: Let Sy and X, be the sample covariance matrices of X; and M; computed on D;. Form
Vx € RP*P and V), € R4 from their leading orthonormal eigenvectors, and set Wx = /p Vx and

Wy = NG VM.
Step 2: For each i € Dy, compute the projected factors

fx:=p "WEX:, fai=q "W M,
and define Z; = (1, fX17fM7i)T and R; = (17f)‘(r7i)T

Step 3: Let Z, = {i € Dy : A; = a} for a € {0,1}. Regress Y; on Z; by ordinary least squares using i € Z;.
Denote the fitted intercept and mediator-score coefficient by &; and 4; € R?, respectively.

Step 4: Let e; = (1,0,...,0)" € R*P. Regress f'J\—;’ﬁl on R; using i € Zy, and define the fitted intercept
as
—— ~ N _1 ~ ~ R
Woo = el (Liez, BiR])  Yieq, RilElrih)-
Step 5: Set 0( ) = =da1+7 50 Interchange D; and Dy and repeat Steps 1-4 to obtain 0( )
C 1) 2)
Return: 05 = %(6(() + 0(() ).

In Step 1, we use D; to construct the projection matrices from the leading eigenvectors of the sample
covariance matrices. In Step 2, we apply these directions to the surrogates in Dy to obtain the projected
covariate and mediator scores. This separation allows the regression observations to be analyzed conditional
on the projection directions, while retaining the factor-space information needed for estimation.

Steps 3 and 4 implement the two regression stages underlying the mediation functional, a treated outcome
regression and a control bridge regression. In Step 3, the treated outcome regression yields &; and 4;.

_Step 1: Compute Step 4: Regress
Yx, Y from Dy; i i oon (1, Fx.)s
obtain Vx, Vy control (D
oM () —> Step 5: Set
l 50 = a1+ 7
’ Wx :Pl/zf}x H Wy = Ql/z‘/}M
| | @ |
Repeat with ©1 < Do
Step 2: Estimate to obtain é\él)
factors via diversified o e J
o 1
projection (D)
e N
Final Estimator
.]?X = p WX, Step 3: Regress Y; o5t = %(@El) + %2))
X on (1, fx.i, fai)s \ /

Fu =g WM, treated (Ds)

Figure 2: Schematic overview of FARMA. The estimates @ and ;' o combine into é\o, and interchanging the subsets
gives the cross-fitted 0§F.

In Step 4, the bridge regression uses 41 to form the scalar response tA"A—'/—“'Ayl and regresses it on the projected

—

covariates among control observations. The fitted intercept, denoted by 7] &y, estimates the contribution of
the control mediator relation to the treated outcome.

In Step 5, we add the two intercepts to obtain éél), repeat the construction with the folds interchanged,
and average the two estimates. Thus, every observation contributes to the regression steps in one split, and



the procedure only requires recovery of the relevant factor spaces.

Natural direct and indirect effects. Under the centering convention E(fx) = 0, thepotential outcomes
in (2.7) satisfy 04 = aq + 7, 0, for a € {0,1}. Thus, the effects defined in (2.8) have the structural
representations as follows:

Oxpe = a1 — oo + (71 —70) " 6o,

Onte = 1 (61 — do).

Algorithm 2 estimates these expressions using the same projections and scalar-regression construction as
Algorithm 1. The projected covariates remain in each regression, since the marginal centering condition does
not imply E(fx | A =a) = 0. In Step 1 of Algorithm 2, we reuse the treated outcome fit and estimate the

—

corresponding control outcome coefficients. In Step 2, the two within-arm mediator regressions provide -y, do

and ~{ §;. Step 3 combines these with ] §y from Algorithm 1 to estimate the two effects. Finally, Step 4
interchanges the folds, and the two estimates of each effect are averaged.

Algorithm 2 Cross-fitted FARMA estimators of the NDE and NIE

Step 1: Reuse the projected factors, design vectors, treatment groups, and fitted quantities from the first
split of Algorithm 1. Regress Y; on Z; using i € Zy, and denote the fitted intercept and mediator-score
coefficient by &g and 4y € R?, respectively.

Step 2: For each a € {0, 1}, regress f']\T/[’ﬂa on R; using ¢ € Z,, and define the fitted intercept as

-1

Va 0a = €] (Liez, Bilt]) " Viez, Ri(firda)-
Step 3: Form the fold-specific estimates
00 = Gy — Gio+ 77 90 — 7q 0
NDE 1 0T 71 9% — Y %0,

(1 — —
91(\11)]3 = ’Yir(sl - ’YF(S(L

Step 4: Interchange D; and Dy and repeat Steps 1-3 using the corresponding fitted quantities from
Algorithm 1, yielding 91(\12])3]3 and 91(\121)]3.

Return: . A1) A(2) . (1) ~(2)
elc\IfDE = %(GNDE + 9NDE)’ HCNfIE = %(QNIE + 9N1E)'

Remark 4.1 (Cross-fitting). The two-fold construction extends to any fixed number of folds K > 2. For
each fold, construct the projection directions from the remaining observations, run the regressions on that
fold, and average the resulting K fold-specific estimates of each target.

5 Theoretical Analysis

In this section, we study the asymptotic behavior of the cross-fitted FARMA estimator égf and establish the
\/n-consistency and asymptotic normality. Recall that Algorithm 1 constructs the estimator using two-fold
cross-fitting, with the projection directions estimated on one fold and the regression steps carried out on
the other. The roles of the two folds are then interchanged and the resulting estimates are averaged. We
derive an asymptotic linear expansion for one fold-specific estimator, and the same argument applies after
interchanging the folds.

Let 1y =P(A; = 1) and mgp = P(4; = 0) = 1 — m; denote the treatment probabilities with 0 < my, 7 < 1.
For k € {1,2}, let ny, = |Dy|, nf, = X ;cp, 1(Ai = 1), and ng = 37, 1(A; = 0) denote the total, treated,
and control sample sizes in fold k, respectively. Under an approximately equal split, we have that ng ~ n/2,
and . e

—k ﬂ)ﬂ'l, 7k£>7'r0. (51)
ng Nk

10



Thus, the treated and control sample sizes in each fold are of the same order as n. The main challenge is
to control the effect of estimating the latent factor spaces on the two regression stages. In particular, the
regressions are carried out using projected factors rather than the latent factors themselves, and the working
dimensions may be larger than the true factor dimensions. We show that the error from estimating the
factor spaces here is asymptotically negligible. Under the structural models (2.2), the projected factors in
the regression fold satisfy

R 1 1 1
fx.=-WiX, = <W)T(FX> fxi+-Wyuy,,
p p p
=Hy ex,i
A 1 T 1 T 1 T
fMJ‘ = *WMMZ* = *WMFM fMﬂ' + *W]wll]u,i.
q q q
=Hs €M,i

Here, the matrices Hy € RP*P and Hj; € R7%7 map the latent factors into the projected coordinates, while
ex,; and ey,; collect the projected idiosyncratic errors. We work under the overestimated factor regime
described earlier, where the working dimensions may be larger than the true factor dimensions.

For the rest of the paper, we use the following notation. Let f; ; = (1, f;(—’i,f;[’i)—r and fxi,; = (1, f;'(—’i)-'—.
Define the conditional second-moment matrices Q; = ]E[fuf;i | A; = 1] and Qxg = E[fx17if;(r17i | A; = 0] .
These matrices correspond to the treated outcome regression and the control bridge regression, respectively.

We first state the regularity conditions used in the asymptotic analysis.

Assumption 5.1 (Sub-Gaussian tails and nondegeneracy). There exist constants C < oo and g® > 0,
independent of n,p,q, such that, for a € {0,1} and i =1,...,n, the following hold.

(1) All projections of fx i, Ux i, Ui, UxM,ai and the scalar error €, ; are sub-Gaussian with a common
parameter bounded by C'.

(ii) The structural residual variance is bounded below, Var(e, ;) > a* > 0.

Assumption 5.1 provides uniform sub-Gaussian concentration for sample moments and bounds the struc-
tural noise variance away from zero.

Assumption 5.2 (Dimensions and loadings). There exists a constant C < oo, independent of n,p,q, such
that the following hold.

(i) The loading rows are uniformly bounded, max;<, ||[T'x ;.|| < C and maxj<q ||Tar ;|2 < C.

(i) The working dimensions p and § are fived, log(pV q)/n — 0 and (p A q)/n — 0o as n,p,q — 0.

Assumption 5.2(i) bounds the contribution of each individual surrogate to the factor structure. The first
condition in Assumption 5.2(ii), log(p V q)/n — 0, is mild and allows the surrogate dimensions to grow rapidly
with the sample size, as long as they do not grow exponentially fast. The second condition, (p A ¢)/n — oo,
requires the number of surrogate measurements to grow faster than the sample size. This condition ensures
that the error from estimating the factor spaces is negligible at the y/n scale. It may be possible to weaken
the condition to (p A q)/+/n — o0, which we leave for future work.

Proposition 5.1. Let Vx € RP*P and V), € R4 have orthonormal columns corresponding to the leading
p and ¢ eigenvectors of the sample covariance matrices Sy and f]M, respectively. Take Wx = \/pVx and
Wy = \/qV i, where p > p and ¢ > G, and let Hy and Hys be defined as in Definition 3.1. Suppose
Assumptions 3.1-3.2 and 5.1-5.2 hold. Then there exist constants 0 < ¢ < C' < oo and Cy > 0, independent

of n,p,q. Fort >0, define
bx =\l L gy =l L
t

There is a constant ¢, > 0 such that if §, = max{dx,dn} < ¢, then, with probability at least 1 — Cre™",

c S Vmin(HX) S Vmax(HX) S 07 c S Vmin(HM) S Vmax(HM) S C.
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Proposition 5.1 ensures that the projected factor maps remain well-conditioned with probability tending
to one, which is important for the stability of the regression steps and the asymptotic analysis of the FARMA
estimator.

Let ay = (1, 0;—758—)1—, 61)1+13 = (1, Og)T, and ni = ’)/IruXM’o)i. Deﬁne 51,1‘ = (Q;lal)TfLi 61’1', and
§2,i = (9}56171+5)Tle7i 1;,. Here, & ; and &3 ; are the first-order terms from the treated outcome regression

and the control bridge regression, respectively.

Theorem 5.2 (Asymptotic normality of égf). Suppose Assumptions 2.1-2.3, 3.1-3.2, and 5.1-5.2 hold, and
let 05" be the cross-fitted FARMA estimator defined in Algorithm 1. Then

. 2 2
NG (9gf - 90) 4 N(@0,02), o2=TL422
T )

where 03 = E[¢3 | A=1] and 03 =E[¢3 | A =0].

Theorem 5.2 shows that the error from estimating the high-dimensional factor spaces does not affect the
first-order limiting distribution of égf . We can choose the working dimensions p and ¢ to be larger than the
true factor dimensions, as long as they remain fixed and the projected spaces contain the true factor spaces.
The estimator still has the same y/n convergence rate and asymptotic variance as if the true latent factors
were observed. The proof is given in Appendix A.

6 Simulation Studies

In this section, we design simulation experiments to evaluate the performance of our estimator (égf as defined
in Section 2) under high-dimensional surrogates for the covariates and mediators, in terms of root mean
squared error (RMSE), standard deviation (SD), confidence interval length, and coverage. We consider a
data-generating process where both covariates and mediators are low-dimensional latent factors as stated in
Section 2. The data is generated as follows:

1. We generate a latent factor fx € R? for each sample, with fx ~ N(0,Xx). The covariance matrix is
constructed as ¥y = UAU T, where U € RP*? is an orthonormal matrix, and A = diag(\y,. .., Ap) is
diagonal with A\; ~ U(1,2) for 1 < j < p. Given covariates fx, the observed surrogates X € R? are
generated as:

erfo+ux, ux Zrl\zd N(O,O’ZIP)7

where I'y € RP*P has entries sampled from 4(0.5,1.5).

2. The treatment assignment follows a logistic model:
P(A=1|fx) =logit™ ' (fy&), where ¢ € RP with &; ~ U(0,2).

Then, A ~ Bernoulli(P(A =1 fx)).

3. The latent mediator fy; € R? is generated according to:
far = A(61 + Bifx + Uxaro) + (1 — A)(do + Bofx + Uxam1), Uxwmo, Uxn ~N(0,Zp),
where Sy = RyAy Ry, Ry € R7%7 is an orthonormal matrix, Ay = diag(\i,..., \;) with ); i

U(1,2), dg, 61 € R? have entries drawn from ¢/(0.5,1.5), and Bg, B; € R7*? have entries sampled from
U(0.5,1.5). Given mediators fj;, we generate the observed surrogates M € R? by:

M =Tyfy +upy, uy R N(0,0°1,),

where T'j; € R7%? has entries from U(0.5,1.5).
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4. We generate response variable Y from the model:

Y = A(Oq + ﬁ;fx +’YirfM + 60) + (1 — A)(O[o + ﬁ(;rfx +70TfM + 61), €0, €1 i ./\/(0702),

where we set ag = a; = 1, and vectors So, 31 € R?, 49,71 € R? are sampled from (0.5, 1.5).

We vary the number of samples n over {500, 1000, 1500, 2000,2500} and the dimensionality p = ¢ €
{500, 1000, 2500, 5000} to reflect different high-dimensional scenarios. For all simulations, we vary o €
{0.1,1}, and set p = ¢ = 3 with p = ¢ = 7. This choice of p (resp. §) comes from the lowest-RMSE
rule in large samples according to our sensitivity analysis (Appendix D.3). Our estimator (95 = d1 +~1 do
as defined in Section 2) is computed as in Algorithm 1. The weight matrices in Step 2 (i.e., Wx, W) from
principal component analysis are obtained via the R package irlba, and the OLS estimators in Steps 4-6
via the 1m function in R. All results are averaged over 500 replications.

c=0.1 =1
p=q n RMSE SD CI Length  Coverage RMSE SD CI Length Coverage
500  0.2068 0.2065 0.8094 0.950 0.2291 0.2294 0.8991 0.958
1000 0.1451 0.1452 0.5692 0.944 0.1461 0.1462 0.5732 0.956
500 1500 0.1154 0.1153 0.4520 0.952 0.1239 0.1236 0.4846 0.960
2000 0.1009 0.1001 0.3925 0.964 0.1018 0.1017 0.3986 0.942
2500 0.0830 0.0831 0.3256 0.956 0.0927 0.0918 0.3597 0.946
500 0.1642 0.1639 0.6424 0.952 0.1348 0.1346 0.5278 0.958
1000 0.1109 0.1110 0.4350 0.954 0.0902  0.0903 0.3538 0.946
1000 1500 0.0937 0.0938 0.3677 0.946 0.0783 0.0784 0.3072 0.954
2000 0.0793 0.0793 0.3110 0.950 0.0632  0.0632 0.2476 0.952
2500 0.0703 0.0703 0.2755 0.948 0.0574  0.0572 0.2241 0.946
500  0.1754  0.1751 0.6865 0.954 0.2526  0.2527 0.9907 0.954
1000 0.1200 0.1201 0.4709 0.956 0.1895 0.1893 0.7420 0.952
2500 1500 0.1039 0.1040 0.4077 0.944 0.1462  0.1463 0.5736 0.956
2000 0.0810 0.0811 0.3179 0.954 0.1242 0.1244 0.4875 0.952
2500 0.0764 0.0765 0.2997 0.938 0.1159 0.1161 0.4549 0.956
500  0.1700 0.1701 0.6670 0.934 0.2072  0.2074 0.8129 0.940
1000 0.1223 0.1223 0.4793 0.956 0.1350 0.1352 0.5298 0.952
5000 1500 0.0989 0.0989 0.3878 0.954 0.1095 0.1089 0.4269 0.946
2000 0.0856 0.0856 0.3356 0.946 0.0945 0.0946 0.3706 0.952
2500 0.0794 0.0795 0.3116 0.944 0.0848 0.0847 0.3322 0.950

Table 1: Performance of égf under the baseline design, over 500 replications.
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Figure 3: Histogram and Q-Q plot of \/ﬁ(é\gf — 0p) under the base design with p = ¢ = 2500,
n = 1500, c =1, and p = ¢ = 7, based on 500 Monte Carlo replications.

We evaluate the estimator across four simulation designs:

e Baseline design. This applies the data-generating process described above over the full grid of n,
p = ¢ € {500, 1000, 2500, 5000} and o € {0.1,1}.

e Signal strength. The baseline design fixes a single non-zero value for every parameter. To let the
mediated pathway range from absent to strong, we proceed as follows. Fix a direction vector g € R?
with entries drawn once from U(0.5,1.5) and set

7 =7 =g, ¢ €{0,0.1,0.25,0.5,1},

leaving all other components of the data-generating process unchanged, so that 6y = 1 + c¢d, g and
the mediated contribution 5(—; ~1 vanishes at ¢ = 0 and grows linearly in ¢. We report results for
p = ¢ € {1000, 2500, 5000} at o = 0.1, so that the accuracy of é() can be traced as the mediator signal
weakens relative to the noise.

e Heavy-tailed errors. Separately, we replace all three error terms by variance-matched Student-t
variates: writing ¢ ~ t, with v = 6, each coordinate of ux and ujp; and the outcome error € is set
to ot/\/v/(v—2) = ot//3/2, which has variance exactly ¢ and so isolates tail thickness from any
change of scale. All other components of the design and the full grid of n, p = ¢ and o are unchanged.

e Sensitivity to the working factor dimensions. Algorithm 1 requires the numbers p and ¢ of
principal components extracted from X and from M, and p, ¢ are unknown in any application. Setting
K =D =(, we vary
k€ {1,2,3,5,7,10,15, 20,30}

across all five sample sizes and p = ¢ € {1000, 2500, 5000} at o = 0.1, retaining the baseline design in
all other respects. This brackets the truth p = § = 3 on both sides and reaches an order of magnitude
above it. We also additionally vary p and ¢ separately over {3,7,20} at n = 2500.

Overall, the simulation results provide consistent support for the accuracy of §8f and the validity of the
associated inference. Under the baseline design, the RMSE closely tracks the empirical standard deviation,
both decrease as n increases, and the confidence intervals become shorter while maintaining coverage near

14



the nominal 95% level, even when p = ¢ substantially exceeds n. The same pattern persists under variance-
matched tg errors; see Table 3. The histogram and Q—Q plot are also broadly consistent with the Gaussian
distribution; see Figure 3a. As the mediated pathway varies from absent to strong, the estimator continues
to exhibit decreasing estimation error with increasing n and coverage close to the nominal level; see Table 4.
The sensitivity analysis further shows that the estimator is relatively insensitive to moderate or substantial
overestimation of the common working factor dimension; see Table 5 and Figure 4. Similar stability is
observed when p and ¢ are varied separately; see Table 6. In contrast, severe underestimation of the working
dimensions can produce persistent bias and substantial undercoverage in the more high-dimensional settings,
as shown in Table 5. These findings are consistent with the asymptotic theory and indicate that reliable
estimation and inference require the working representations to capture the relevant latent factor spaces.

—O— p=q=1000 =0O= p=g=2500 —/ = p=q=>5000

.30 i True dimension =3 -
0.30 Q : Tue dimension 0.95 T
1
0.25 0.8 1
4 [}
020 S 06
%) =
E 0.15 - g
8 0.4+
0.10 o
0.2 4
0.05
0.00 Tt T T T T T 0.0 T T T T T T
123 5 7 10 15 20 30 123 5 7 10 15 20 30
Working dimension k =p =4 Working dimension k=p =9

Figure 4: Sensitivity Analysis of the working factor dimensions.

7 Real Data Experiments

Depression is among the most consistently reported risk factors for cognitive decline in Alzheimer’s disease, yet
the biological route through which it acts remains poorly understood (Livingston et al., 2024). A hypothesis
is that part of the effect is biological, transmitted through epigenetic changes such as DNA methylation, yet
direct evidence for such mediation remains scarce (Zhang et al., 2026b; Fransquet et al., 2018). We apply our
proposed method to investigate how depressive symptoms influence cognitive decline in Alzheimer’s disease,
and whether part of this relationship may operate through an underlying biological process represented by
high-dimensional DNA methylation measurements.

As mentioned in Section 1, we view oxidative stress as the underlying biological process of interest
and DNA methylation as a high-dimensional representation of this process. Since reactive oxygen species
are short lived and highly reactive, oxidative stress is difficult to measure directly (Katerji et al., 2019).
DNA methylation provides more stable molecular signals that may reflect changes associated with oxidative
activity (Miranda et al., 2000; Pandya et al., 2013; Black et al., 2015). These changes are not expected to be
represented by a single CpG site, but rather by patterns distributed across many sites. We therefore use the
joint methylation profile as a collection of high-dimensional surrogates for the latent mediator, allowing the
underlying biological signal to be summarized across the methylation measurements.

We conduct our analysis using data from the Alzheimer’s Disease Neuroimaging Initiative (ADNI), a lon-
gitudinal, multi-center study designed to validate biomarkers for Alzheimer’s disease clinical trials (Mueller
et al., 2005). Our treatment is the Geriatric Depression Scale (GDS), a self-reported measure of depressive
symptoms ranging from 0 to 15, with higher scores indicating more severe symptoms. Our outcome is the
Alzheimer’s Disease Assessment Scale-Cognitive Subscale (ADAS-Cog), which ranges from 0 to 85, where
higher scores reflect greater cognitive impairment. The mediator surrogates are DNA methylation measure-
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ments recorded at hundreds of thousands of CpG sites across the genome. Further details of the study are
available at https://adni.loni.usc.edu/.

Data preprocessing. We study whether part of the relationship between depressive symptoms and
cognition may operate through the latent biological process represented by DNA methylation, using mea-
surements from the earliest available visit date during the ADNI-GO and ADNI-2 phases, for which methyla-
tion data are available. The dataset' includes DNA methylation data for 653 individuals, ADAS-Cog scores
for 1,212 individuals, GDS scores for 1,800 individuals, demographic information for 1,895 individuals, and
medical history data for 1,673 individuals. Of these, 649 subjects had complete data across all components
and form our analysis sample. We preprocess the data as follows:

e The treatment A is a binarized Geriatric Depression Scale, where a GDS score below 5 indicates a
normal mood state (Greenberg, 2012), so subjects with GDS > 5 are classified as depressed and the
rest as non-depressed. We include ten clinically relevant covariates X, such as gender, weight, and
education level, of which seven are numerical and three are categorical (see Appendix D.4 for the full
list).

e We impute missing covariate values with mice (Van Buuren and Groothuis-Oudshoorn, 2011). To
increase model expressiveness, we add second- through sixth-order polynomial terms and interactions
between the categorical and numerical covariates, giving a covariate vector of dimension 171.

e The raw DNA methylation data give marker intensities in red and green channels for each sample, from
the Nlumina HumanMethylationEPIC BeadChip array. We compute the methylation ratio, ranging
continuously from 0 to 1, using the minfi package (Aryee et al., 2014).

e The full methylation vector has dimension 866,836. We retain only sites with no missing values and
CpG sites reported as significantly associated with Alzheimer’s disease in large-scale EWAS (Zhang
et al., 2020; Lunnon et al., 2014; Battram et al., 2022), which reduces the mediators to dimension
3,206.

After preprocessing, we retain n = 649 subjects, each with a 171-dimensional covariate-surrogate vector X
and 3,206 DNA methylation measurements forming the high-dimensional mediator-surrogate vector M.

Estimation. To estimate the natural indirect effect, natural direct effect, and total effect of GDS on
ADAS-Cog, we apply Algorithm 1 to the counterfactual means E[Y(1V)], E[Y(%:0)] and E[Y (9] (see Ap-
pendix D.2 for the decomposition). We set the projection dimensions p and ¢ to the number of leading
principal components that explain 50% of the cumulative variance, yielding (p,q) = (4,11). We quantify
uncertainty with a nonparametric bootstrap. We resample the n = 649 subjects with replacement. For each
resample, we apply FARMA using ten independent random two-fold splits and average the resulting direct,
indirect, and total effect estimates to obtain one bootstrap replicate. Repeating this procedure across B
resamples yields a bootstrap distribution for each effect, from which we report the bootstrap mean and the
95% percentile confidence interval defined by the empirical 2.5% and 97.5% quantiles.

Results. The full-sample point estimates and the bootstrap summaries are given in Table 2.

Effect Estimate Bootstrap Mean Quantile CI (95%)

Direct 3.5891 3.7306 [1.5699,6.1491]
Indirect 0.0354 0.0043 [—0.5131,0.4899]
Total 3.6244 3.7349 [1.6816,6.1864]

Table 2: Estimated natural direct, natural indirect, and total effects with B = 300.

The estimated total effect of GDS-defined depressive status on ADAS-Cog was 3.6244, with a 95%
percentile bootstrap confidence interval of [1.6816,6.1864]. The positive estimate indicates that participants

!The data are accessible at https://ida.loni.usc.edu/login. jsp.
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with elevated depressive symptoms had an estimated ADAS-Cog score approximately 3.62 points higher than
those without elevated symptoms, corresponding to worse cognitive function. The natural direct effect was
estimated at 3.5891 with a 95% confidence interval of [1.5699,6.1491], whereas the natural indirect effect
through the latent pathway represented by the DNA methylation measurements was 0.0354 with an interval
of [-0.5131,0.4899]. Thus, the intervals for the total and direct effects excluded zero, while the interval for
the indirect effect included zero. Based on the point estimates, the indirect effect accounted for approximately
1.0% of the total effect.

Overall, the estimated total effect was primarily attributable to the direct effect. The near-zero indirect-
effect estimate and its confidence interval provide little evidence of mediation through the latent biological
pathway represented by the DNA methylation measurements considered in this analysis. However, these
results do not establish the absence of a mediated effect and do not rule out mediation through biological
processes not adequately captured by the selected methylation features or through other biological and
behavioral pathways.

8 Conclusion and Future Work

In this paper, we introduced Factor-Adjusted Regression for Mediation Analysis (FARMA), a factor-based
framework for estimating mediation functionals when the covariates and mediators are latent and observed
only through high-dimensional noisy surrogates. The main idea is that when the factor structure is pervasive,
low-dimensional projections of the observed surrogates keep the information needed for causal mediation
analysis. Within this framework, we showed that the mediation functional is approximately identified at
finite proxy dimensions, and that the approximation error goes to zero as the numbers of surrogate covariates
and mediators grow. We then built a cross-fitted estimator that separates the construction of the projection
directions from the regression steps and does not need the true numbers of latent factors to be known. Under
suitable regularity and growth conditions, this estimator is y/m-consistent and asymptotically normal, so
we can form valid Wald confidence intervals for the mediation functional, and hence for the natural direct
and indirect effects. The simulations support the finite-sample accuracy of the estimator and its confidence
intervals. In the ADNI application, we find that depressive symptoms are associated with greater cognitive
impairment, with little evidence of mediation through the selected DNA methylation measurements.

Several directions remain open for future research. The present theory requires the dimensions of the
observed variables to grow faster than the sample size, and extending it to the proportional regime, in which
B — cx and 4 — ¢y for finite positive constants cx and cj; that would require accounting for projection
errors that persist asymptotically rather than vanish. A second direction is to relax sequential exchangeability
to accommodate confounding beyond the latent structure captured by the available surrogates, together with
the sensitivity analysis needed to assess robustness to such departures. Finally, we focused on linear structural
models, and extending FARMA to generalized linear and other nonlinear outcome and mediator models would
widen the range of problems it can handle.
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A Appendix

This appendix consists the proofs of the two main results, along with notation and some auxiliary lemmas
they rely on. Section B proves the identification theorem, Theorem 3.1 from Section 3. The argument is
carried out at the population level and is built around the projected functional 6, 4 = 171 + 1373, whose
approximation error we control through three remainder terms R., R,, and R;. Section C proves the
asymptotic normality theorem, Theorem 5.2 from Section 5, which gives the sampling theory for our cross-
fitted estimator. The supporting results for identification and asymptotic analysis are gathered in Sections A.2
and C.1, respectively. The two matrix identities used in the identification proof are collected in Section D.1.
At the start of each proof section, we include a dependency chart showing how the lemmas fit together.

The notation of Section A.1 is used throughout both proofs. Any change is specified at the point where
it is introduced. The identification argument involves no sampling. The asymptotic analysis uses the two-
fold cross-fitting scheme of Algorithm 1, where the projection matrices and the regression coefficients are
estimated on separate folds and then the two fold-specific estimators are then averaged. We describe full
details in the Section C.

A.1 Notation.

For notational convenience, define f; = (f{ ,f), )" € RP™ and u; = (u} ,uj, )" € RP™ be the vectors.
Let Fx € R"*? F,; € R"*7 be the matrices, and write F = (Fx,Fj;) € R?*(?+t9_ The augmented factor
matrix is F; = (1,F) € R (4740 where 1 € R” is the vector of ones. Let Hyx € RPXP and Hy, €
RI*7 be the left rectangular matrices. Define H = diag(Hx,Hy;) € RPTD*P+9) and H; = diag(1,H) =
diag(1,Hx,H);) € RU+P+Ox1+P+2) - The true design matrix is Z = F1H| € R**(1+P+9)  or equivalently
Z" = H,F] ¢ ROU+PHD)xn,

Let A = (a1,8{,7 )" € RIPH4 where a; € R, #; € RP, and 7; € RY be true coefficients. The
corresponding coefficient vector in the estimated factor scale is

g
s=HEHTA= | @H)TH | e R1HPH
(H}u)T’Yl

The estimated coefficient vector is & = (&, 7,47 )T € R™PH where &y € R, f; € R?, and 4, € RY.

Let Vx € RP*P and V), € R7*? be as defined in Sections 3 and 5 accordingly. Define Wx = /pVx €
RPXP, Wy = /gVy € RT¥ and W = diag(p ' Wx,q 'Wy) € RPFO*F+D Lot U = (Ux,Uy) €
R™*(P+49) Define the projected estimation error matrix E = UW e R"*(P+9 and its augmented version
Ey = (0,,,E) € R™*(1+P+0) where 0,, € R™ is the zero column vector. For each observation, define e; =
WTu; € R and e; = (0,e/ )" € RMPH4. Similarly, ex, = p~'Wiuy, € R?, and exo; = (0,e,)" €
RI*P,

The factor estimator is F = (FX, FM) € R**(0+9)  where Fy € R™? and F); € R"%9. The estimated
design matrix is 7= (1, F) e R"*(47+0)  Throughout, we use the decomposition

7 =17+ Eqo, (A1)

where Z, Z, and Eq all lie in R?*(140+2)
Let Y = (V3,...,Y,)" € R"and €; = (e1.1,...,€1,n) " € R™. The treatment-specific outcome equation is
Y =76 + €4, (AQ)

where Z € R"*(147+0) and § € R1+PH,

For the mediator block, define the selector matrix S; = [qu(lJrﬁ) Ig] € RI*(1+P+0) g0 that S; extracts
thfe las‘E qi coordinates of any vector in the projected design scale. Also, define P; = [qu(1+ﬁ) Lﬂ €
RI*(14P+D) 50 that H],S; = P;H{. Throughout, e; denotes the first standard basis vector of whatever
dimension the surrounding matrix product requires.
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A.2 Supporting Results

This subsection collects the invariance lemma and the well-posedness lemma for the population regressions
used in the proof of Theorem 3.1. The two matrix identities, the intercept-augmented block inversion formula
and the Woodbury identity, are given in Section D.1. We first fix notation and write the moment identities
that the lemmas and the main proof in Section B draw on repeatedly. Define

1 1
1 1
L= %W}X ;o Q= (1 TX>; N=-W,M; Z=|Hxfx
WM p X 4 H s

Substituting the factor model X = I'xfx +ux and M = Ty £y + ups from Equation (2.1) into L, and using
Hx = 1W Ty, Hy = W] T/ from Definition 3.1, gives the signal-plus-noise decomposition as follows:
P q

L=7+ €y = H1f1 + €p, (A3)

where f; = (1,f{,f),)7, H; = diag(1,Hx,Hy), g = (0,el,el,) ', ex = %W}ux € R?, and ey =

lWJT/[uM € RY. Since @ consists of the leading 1 + $ coordinates of L, the same computation restricted to
the X-block gives

Q=Hxifx1 +exo, fxi=(1fy)", Hy; =diag(l,Hx), exo=(0,ex)’. (A.4)

We record the following moment identities, which hold for both treatment groups and are used throughout
the Section B. By Assumption 3.1(ii), E(ux) = E(ua) = 0, so E(eg) = 0, and the independence property

gives E[fie] | A] = 0. Also by Assumption 3.1(ii), E(uxuj,) = 0, hence E(exe},) = 0, so

Yeo = E(eoeq ) = diag(0, Zey, Zep )y Tex = 1 ViZux Vx,  Zey = 2V Zuy, Vi,

ex_g

using Wx = /pVx and Wy = /g V) from Definition 3.1. The conditional second moments of ux,uxs
in Assumption 3.1(i) and (ii) do not depend on (fx,far, A), so these identities hold unconditionally. Now,
restricting to A = 0 gives the X-block analogues

Effxiex, | A=0]=0, Elexoeko| = diag(0,Ze,).
The first lemma establishes that the target functional depends on the latent factors only through their
diversified projections.

Lemma A.1 (Invariance under linear transformation of the factors). Assume the diversified weight matrices
Hx and Hy; have full column rank as in Definition 3.1. Then, 6y is invariant under linear transformation
of the latent factors, in the sense that

E[]E[]E[Y | far, fx, A= 1] | £x, A = 0]} - IE[IE[IE[Y | Hafar, Hxfx, A= 1] | Hyfy, A = 0]].
Proof. The result follows once we show that the two conditioning sigma-fields are equal.

O'(fx,fM) = (J’(H)(fx,H]wf]M)7 O’(fx) == O’(fox). (A5)

We consider that Hy and Hj; are defined as in Definition 3.1. For the first equality, since Hxfx and Hy,f,
are measurable functions of fyx and fj; respectively, we have that

O’(fox,H]V[fM) g O’(fx,f]w). (AG)

For the reverse inclusion, the full column rank of Hx and Hj; gives Moore-Penrose left inverses HE( Hx =1;
and HRIHM =1z s0fx = HE( (Hxfx) and f); = H),(Hfar) are measurable functions of Hx fy and Hp £y
that gives us

O’(fx,fM) Q O’(fox,HMfM). (A?)
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Here, combining (A.6) and (A.7) gives the first equality in (A.5). The second argument is the identical rather
applied to the X-block alone.

Now, conditional expectation depends on the conditioning variables only through the sigma-field they
generate. By equality (A.5), conditioning on {Hfa, Hxfx} is same as conditioning on {fys,fx}, and
conditioning on Hxfx is the same as conditioning on fy. Thus, applying this to the inner and outer
conditional expectations, we get

]E[YIHMf]\/[,fox,A:H :E[Y ‘fM,fX7A:1] a.s.,
and then
E[E[Y | Hyfpr, Hxfx, A=1] | Hxfx, A= O] = ]E[]E[Y | far,fx, A=1] | fx, A= 0].

Now, taking the outer expectation of each side gives the stated equality, and we have as follows:

6o = E[EE[Y | Hpfar, Hxfx, A=1] | Hxfx, A = 0]]
— E[E[E[Y | fur, fx, A = 1] | fx, 4 = 0]

://]E[Y | fx = fx,fv = fu, A=1dP(fm | fx = fx, A=0)dP(fx).

Recall the definition of 6y, 4 in Section 3:

Ty =e E[LLT |A=1]""E[LY |A=1], To=S;E[LL" |A=1]"'E[LY | A=1] € RY,

T3 =e,EQQ" | A=0]"'E[QNT | A=0] € R**9.

The next lemma guarantees that these population regression coefficients in the projected functional are well
defined.

Lemma A.2 (Well-posedness of the population regressions). Let W x and W s be full-projection matrices as
defined in Definition 3.1. Under Assumptions 3.1 and 3.2, the matrices E[LLT | A=1] and E[QQT | A = (]
are positive definite, and hence invertible. Thus, T1,To and T3 are well defined.

Proof. For any nonzero w € RP, we have that

)\min (V;(VX> )\min<2ux )
p

wTEeXw = f(VXw)TEuX (Vxw) > ||wa||2 >

1 )\min<2ux) >0
p )

hS!

using Amin(VxVx) > C from Definition 3.1 and Apin(Zuy) > ¢ > 0 from Assumption 3.1(v). Hence,
Yex > 0 and the same argument gives X¢,, > 0.

Next, we show that the augmented factor second-moment matrices are positive definite. Recall Q1 = E[fif] |
A = 1]. Now, take any nonzero vector v = (vg, b')" € RPH4 where b = (by,bi,)". We have that

v v =E[(vo+b"£)* | A=1]. If b # 0, let pgy = E[f | A = 1] be the conditional mean under treatment
group of the factors. Now, by the definition of variance, we have that

Var(b f| A=1) = ]E[(be ~EpTE]A=1)° ‘ A= 1} - E[(bT(f — )’ ‘ A= 1}

Since b (f — pg1) is a scalar, so we can write its square as (b" (f — ,um))z =b"(f — pg;1)(F — pg1) 'b. When
we take the conditional expectation, we get that

b7 E[(f — pug) (F = pepy) T ’ A= 1] b=b" Cov(f| A=1)b=b" S b,
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By Assumption 3.1(iv), we have that Amin(3ga=1) > ¢ > 0, and so
Var(b' f | A=1) =b"Sgja1 b > Anin(Sgjacr) [|B]1* > c]|b]|* > 0.
Since E[Z?] > Var(Z) for any Z and adding the constant vy does not change the variance, we get that
v Qv =E[(vg+b'£)?|A=1] > Var(b' £ | A=1) > 0.

If b = 0, then v # 0 implies vy # 0, so v Qv = v > 0. Hence, Q; = 0. The same argument applied to fx;
shows that Qxo := E[fx:1fy, | A =0] = 0.
By Equation A.3 and the moment identities in Section A.2, we have

E[LL"T |A=1]=HQH| + 2.

Let Q}/Q denote the symmetric positive definite square root of Q. For any v = (vg, vy, v )" € R we
obtain

VTE[LLT | A= 1)v = |01 *H] o||” + 0% Zexvx + v Seyvar > 0.

Suppose this sum vanishes. Since each term is nonnegative, all three terms must be zero. The positive
definiteness of ¥, and Xe,, implies that the equalities v)T(ZerX = 0 and "UAT/[EGM’UM = 0 yield vx =0
and vy = 0, respectively. The first term gives ||Qi/2H1rv||2 = 0, which implies Q}/2va = 0. Since 91/2 is
invertible, we obtain H{ v = 0.

Since Hy = diag(1,Hx,H)s) and vx = vy =0,
H/ v = (vo, Hyvx, Hj,up)" = (v0,0,0)7,
so H{ v = 0 forces vg = 0 as well, and hence v = 0. Therefore, we get that E[LLT | A =1] > 0.

For the control part, Equation A.4 gives E[QQT | A = 0] = Hx1 Qxo HY, +diag(0, Xe, ). The same argument
with v = (v, v%) " gives

v EQQ" | A=0Jv= }|Q¥§H>T<1”||2 + 03 Doy vx >0,

which vanishes only if vy = 0 and H},v = (v9,0)" = 0, forcing vy = 0 and hence v = 0. Therefore,
E[QQT | A= 0] = 0. Therefore, both matrices are invertible, and thus, T}, 75 and T3 are well defined. O

The block-inversion formula for the intercept and noise signal shared by E[LLT | A = 1] and E[QQT |
A = 0] is given in Lemma D.1 in Section D.1.

B Proof of Theorem 3.1: Identification

We now prove the identification theorem. We express our target functional through the three regression
quantities 71, 1o, T3, combined as 6y, = T1 + 1373, and bound the approximation error of each part. The
argument draws on several auxiliary results, invariance of the functional under linear transformation of the
latent factors, which lets us work throughout with the projected factors, well-posedness of the regression
quantities, its Woodbury form, and the augmented inverse. Figure 5 shows how these lemmas enter the
proof.

Proof. We now prove the identification theorem. Lemma A.1 shows that 6y = a1 + { ¢ is invariant under
linear transformations of the latent factors, which lets us pass to the projected functional 8y, = 17 + 1375.
We bound the approximation error 6y — 6y, through three remainder terms R, R, and Rs, combining their
rates to obtain the rate stated in the theorem.
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(Lemma A.1) (Lemma A.2) (Lemma D.1)

Invariance Well-posedness
(Lemma D.2)

Augmented Inverse

‘ Woodbury

! !

Identification
(Theorem 3.1)

Figure 5: Proof dependency for Theorem 3.1. An arrow from one result to another means the first
is used in proving the second.

The proof has five steps. Step 1 sets out the functional 6y, = 71 + 7375 and the roles of its three pieces.
Step 2 reduces the approximation error to the three remainders R, R, and Rs, states the rate for each, and
shows how the rates combine. Steps 3, 4, and 5 then prove the rates for R, (via T1), R, (via Ty), and R;
(via T3) goes to zero.

By Lemma A.1, with Hx and H); full column rank by Definition 3.1, it suffices to work with the trans-
formed factors Hxfyxy and Hj,fy; throughout the remainder of the proof. The notations L,Q, N, Z, e,
H,,f;,Hy,fx1,exo and the decompositions (A.3)-(A.4), together with the moment identities E[fje] |
Al =0, X, = diag(0, Yoy, Ze,, ), and E[fx1el, | A = 0] = 0, are all as established in Section A.2.

Step 1: The projected functional.
We write 6, in terms of the distributions of L, @, and N as

0op=elE[LL" | A=1]"'E[LY | A=1]
+(e/E[QQT | A=0""E[QNT | A=0))(SGE[LL"T | A=1]""E[LY | A=1])
=Ty + 1315,

By Lemma A.2, the matrices E[LLT | A = 1] and E[QQ" | A = 0] are invertible, so Ty, T, and Ts are well
defined. The product T375 is scalar. The term T} corresponds to the identification of «;. The vector T lies
in the projected mediator scale, so the object estimating the original coefficient ~y; is HLTQ, and T3 identifies
the projected intercept 6JHX/[.

Step 2: Reduction of the approximation error to three remainder terms.
We will show that

1
“min{pr2,, (Hx), g2, (Har)}

1
H T, = R R Cox———+C
vz =7+ Ry, R S Cax 5 Hx)+ 20

Tl =01 +Rou |Ro¢|,§

S
min ( mm (HM)

1

T3 =6y Hy, + Rs, ||Rs|| S C3—5——
3 0 M + 0 || 6” ~ 3pV12nin(HX),

and that Rj factors as Rs = RsH], for a matrix Rs satisfying | Rs| < Cs/(pv2;,(Hx)). These are proved
in Steps 3, 4, and 5 respectively. The constants are

||umu |AY]| A ISty ez 11 1B Avi Aux
=4/k , Cox:=C k(X X ,
Ef\l 2 Har ( lel) /\Inin(ZuXMJ) Amin(zfx\l)

mll’l

02 o= \/7 H’h ();:VJ\/I uns ’ / ||/l‘fx1\0‘!|q)” /\ux '
mm le\O)

mm uxmM,1 )
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Here Mgy = Amax(Zuy), My = Amax(Sun)s Avy = Amax(V V), vy, = Amax(V 1, Var), and A=
max{ vy Auy, Avy Ay ), all defined in Step 3. The factor Cp,, is the O(1) bound on ||H},(Hy DH}, +
Ye,, ) 'Hys|| established in Step 4, the matrix D is defined in Equation (B.3) of Step 4, and ® is defined in
Equation (B.9) of Step 5. Each constant is a fixed population quantity is bounded using Assumptions 3.1(i)-
(v), and does not depend on p or ¢g. Since H&TQ =1 + R,, the error term expands as

0o,p — 00 = T1 + T3Ts — (a1 + 1 do)
= a1 + Ra + (0 Hy; + Rs)To — (a1 + 60 1)
= a1 + Ry + 60 Hy To + RsTo — (a1 + 8 1)
= a1+ Ra + 35 (71 + Ry) + BT — (a1 + 65 )
= Ry + 0 Ry + RsT.
The matrix H}, acts on Ty € RY, and since Hj; has full column rank with g, the kernel of H}, is nontrivial.

The relation HLTQ = 71 + R, determines only the component of T3 lying in range(Hys), and leaves the
component of T5 in ker(HL) unconstrained. Thus, the final term Rs75 must be controlled without separately

bounding ||7%||. This can shown using the factorization Rs = R;HJ—';[ established in Step 5. After substituting
this factorization gives

RsT, = RsH},; Ty = Rs (11 + R,)

and since ||y1|| < C by Assumption 3.1(ii) and |R,|| = O (PVﬁqinl(Hx)) + (ql/?nml(sz)) by Step 4, we get that

~ 1 1 1
RsTh| < ||R R <
| 9 2| — || 5” (Il/‘ylH + || ’YH) ~ pVIQHin(HX) + pVIQnin(HX) (py[inn(HX) + qu2nin(HM)

)

Therefore,

160 = bo,p| S |Ral + (|90l [ By || + [R5 T3]
1 1 1

< 0— L +

Ymin{pr2;, (Hx), qul, (Har)} 2(pV12nin(HX) qu i (Har) )
1 1 1 1
+ Cs( + + )

PV (Fx) T e (B o (Fx) | g (Fay)

1
= Oy ez U

min

Since C7, (s, and C3 are independent of p and ¢, the stated rate in Theorem 3.1 follows. It remains to
establish the three remainder bounds, which we do in Steps 3-5.

Step 3: 1.
Recall the outcome regression (2.1) under the treatment group. The intercept a; admits the representation

e EBLLT |A=1]"'E[LY | A=1] = a1 + (K, + K»),
N—————

R
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where ||R.|| = o(1) because ||K1|| = o(1) and K3 = 0. We derive this representation as follows:
e E[ILLT | A=17'E[LY | A =1]
W TRILLT |A=1]"'E[LY — LLT6 + LLT6 | A =1]
= EB[LL" |A=1""E[LLT6 |A=1]+ e E[LL" | A=1]"'E[LY —LLT6| A=1]
@ TE[LLT |A=1"'E[LLT |A=1]6+ ] E[LLT | A=1]"'E[LY — LLT6 | A=1]
=e 6+ e BILLT |A=17'E[LY —LL"§ | A= 1]
=a1+e]EB[LLT |A=1]"'"E[LY —LL"6 | A=1]
E[LLT | A=1"'E[L(Z"6+e) - LLT6 | A=1]
=y +e BLLT |A=1]""E[L(Z-L)"6 |A=1]+e E[LL" | A=1]""E[Le; | A =1]
—a;—e]E[LLT |A=1]"'E[Le] | A=1]6+e;E[LLT | A=1]"'E[Le; | A=1]
=y — e E[LL" | A=1]""E[Lej 6 | A=1]+e/E[LLT | A=1]""E[Le; | A=1] . (B.1)

Kl KZ

:alJrel

Equality (1) uses the outcome model Y = ZT§ + ¢; from (2.1) under A = 1. Here, (2) uses that ¢ is a fixed
vector, so E[LLT§ | A=1] =E[LL" | A = 1]6. The remaining steps use Z — L = —eq from (A.3). The error
term is Ry, = —K7 + K. We show that K; and K5 are each asymptotically negligible.

Negligibility of K;. From L = H;f; + eg,

1 =6 E[LLT | A=1]"'E[Lejd | A =1]

=eE[LLT | A=1]"'E[(H.f; +ep)eg | A=1]5

=e;E[LLT |A=1]" 1E[H fle |A=1]0+ e E[LLT | A=1]"1%,06
=e/E[LLT |A=1]"'%

where the first term vanishes by E[fie] | A = 1] = 0 from Section A.2. With Ag,|; :=E[fif]’ | A =1] for the
uncentered second moment and A’ = (8] ,~) T, we get
KL = ||leg (HiAg i H] + Se,) ™ Se Hy(H Hy) 1A
Using Lemma D.1, whose formula is stated in the mean jg; and covariance ¥g|;, and noting that ¥, =
diag(0, Xe) be the intercept row of A so that only A’ survives, we get
|| K| \ = || = p H (HSg  H + Se) 'S H(H TH) ' A||
|| peHT (S50 - S0 H(S, + HIS, ' H) ' HT S S HHTH) A
= |l A" = BT S T H(Sg ) + HIS0TH) A
= [l s Sy + HT g H) A
g (T + HTS Hg )

where (1) uses the Woodbury identity of Lemma D.2. The matrix A := HT'X;1H is symmetric positive
semidefinite, but A¥g; inside (I4+AXg;) " is not symmetric. So, we set S := Etln‘/fAZ;l/f, which is symmetric
positive semidefinite,

_ 1
(I+ ASg) ™! 2f|i/2(I+S) 1211\/123 (T4 ASgy) | < H(Efu)m,

with Amin(S) > Amin(Zg1) Amin(A) and &£(Zg)1) = Amax(Ze1)/Amin(Zg1) = O(1) by Assumption 3.1(iii).
Thus, this gives us that

g | 1A"]]

K| < b .
|| 1“ = Fl?( fll) 1 + )\min(Ef‘l))\ynin(HTZe_lH)
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It remains to bound A, (HT X5 H) from below. Since H = diag(Hy, Hys) and e = diag(Zey, Je,,) are
block diagonal,

_ . -1 —1
H'Y'H = diag (H)T((%V)T(Zuxvx) Hx, Hy (; ViZuy Vi) HM),

0 Amin(HT X5 'H) is the smaller of the two blocks minimum eigenvalues. For the first block,

—1 -1
Amin(HY (Vi Zuy Vi) Hx) > Anin(HYHx) Amin (£ Vi Zuy Vix)

- )\maX (VT VX) )\max(zux )

_ pymln )

(H
B Amax (VXVX) AmaX( ) ,

using )\maX(V;(V x) < C from Definition 3.1, and the identical computation gives

(q VI2IIIH (HM))
- )\qu(v VM) Amax(EuM) .

We write S\UX = Amax(Zuyx )y Maas = Amax(Zuyy ), S\VX = )\max(V}VX), and S\VM = )\max(VLVM). Then

H H
/\min(HnglH) Zmin{p mm( X)’ qv, mm( M)}
ux AVX AUM )\VM

> mln{mem(HX), qu2nin(H1\/[)}
max{)\uxjxvx, j\qu\VM} ’

Amin(HL (%V;{ZUM VM) lHM)

We write A := max{Avy Aux, Ava Ay b and Ay := Ain(Eg)1), and then substituting the lower bound gives
Ki|| <4/k(Z A -
|| 1|| fl1 ||,Ltf‘1|| || || 1+)\ mlD{mem( ), qVTan(HM)}/)\

= \/5(Ze10) e I8 S5, o, (H )4

X)s mm (HM)}

ey IIMmII ||A'|| p 1
< y/R(Em) “min{pr2, (Hy), g2, (Hur)}
1

2 (Hx), gk, (Ha) )

where the third inequality drops the positive term X from the denominator, and

L= \/6(en) Daeia 1273/

does not depend on p or gq. Hence, we have |K;| = (mm{py (Hx) o (HM)}) as pr2. (Hx) — oo and

:Cl

min{py,

q mll’l(HM) % 0.

Negligibility of K5. From L = Z 4+ eg, E[Le; | A=1] = E[Z¢; | A =1] + Elege; | A = 1]. The first term
vanishes because E[e;] = 0 by Assumption 3.1(iv), so

E[Ze; | A=1]=E[ZE[e;] | A=1] =0.

The second term vanishes by Assumption 3.1(vi), since e is a linear function of (ux,uys), which are orthog-
onal to €; under A = 1. Hence K3 = ¢, IE[LLT | A=1]71-0 =0 exactly. Since R, = —K; + K, we have
that

1

Ryl < |Ky| + |Kq| = O
Bl < [Fa| + [ (mm{pvmmmx), mm<HM>})
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Step 4: T5.
Recall that the latent factors are identified only up to linear transformation. Since Hj; has full column
rank, the deterministic transformation H}, recovers 4, from T5 up to a remainder term whose rate we now
establish. Using the outcome model exactly as in Step 3, we get
HS;E[LLT | A=1]"'E[LY | A=1]
=HS;E[LL" |A=1""E[LLTS | A=1]+HS;E[LL" | A=1]"'E[L(Z-L)"6 | A=1]
+HySELLT | A=1]""E[Le; | A =1]
=y —HS;E[LL" | A=1]""E[Leyd | A=1]+H,S;E[LL" | A=1]"'E[Le; | A = 1],

K3 Ka

so that H ;T = 1 + (—K3 + K4). It suffices to prove the negligibility of K3 and Kj.
—_———
R'Y
Negligibility of K3. From L = H;f; + ey and the cancellation E[fie] | A = 1] = 0 of Section A.2,

K3 =H}S;E[LLT | A=1]""%,0.

To bound the norm of K3, write the block inverse of E[LLT | A = 1], partitioned according to the intercept,
X-block, and M-block, as

Bi1 B2 Bis
By Bay Bos
B31 Bss Bss

Since HLS,; =PyH/, where S selects the last ¢ projected coordinates and Py, selects the last ¢ true-factor

coordinates, and using ¥e, = diag(0, Xe, Xe,,) together with § = (aq, (HE()T(SQ, (HL)T’yl) gives us that

15| = 1 H, SGE[LLTA = 1] "5, 0]

Bi1 Bz Bis
= |PgH{ |B21 B2 Bag| Ze,6
B3y Bsa Bss
1 o0 0] [Bii Bz Bis] [0 0 0
=|P; |0 Hy 0 Bs1 Bza Bag| [0 Xey 0 (HY) 8
0 0 HL_ _Bgl B3, 333_ 10 0 Ve (HRI)T’YI
1 0 0] [Bin Bz Bis| [ 0
=|P; |0 H 0 By1 By Bas| | Zey(HK)TS
0 0 Hj| [Ba Bsy Bsz| [S, (H\,) ™
= ||H}, Bs2Sey (HY) " 81 + HJ, BssXe,, (H, T%H

IN

|H},Bs2Xe (HY) T || + |[H, BssSe,, (HY,) |

M1 M2

The forms of Bss and Bsg follow from Lemma D.1 and a further application of Block Inverse formula to
the (X, M) partition of HEf“HT + Y. Setting Ay = HXZfXIIH} + X Ay = HXZfo]‘&HHL, and
Aoy = H]VIZfJM‘lHTM + Xe,,, S0 the Block Inverse formula gives

ex

B3y = —Basg HMEfo;uH)T((HXfoIlH)T( + EeX)_l’
B —1
By = (HaZey, i Hyp + Zey — HMEfo)?\lH)T((HXEfx\lH)Tf + Bey) IHXEfxfﬁfllHL) '

Since M7 and M are norms, the leading minus sign in Bsy does not affect the bounds.
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Bound on M,. We have
[ M| (B.2)
= HH B33EGM (HM 71H
-1
= =y, (HMEfMuHM + Sey, — HurSe, e 1 Hy (Hx e i Hy + Eex)_lHXfof;l\lH—I\r/I) Sen (Hy) "]
—1
= [|Hy, (HM (Styn — Efo;uH)T((HXEfX\lH)T( + Eex)_lﬂXzfxf;,u) Hj, + ZeM) Yew (ij)T’hH

D
= [|BL3 (Has DHL + Sy, ) ™ S () |

(1) HHT( eM ZeMI_IJM(Z) +H EeMI_IM) 1H]\T/[ZeM)ZeMHM(HI\TJHM)_1’71H
= H gt ZeMHMD ’Y1|| (B.3)

-1

where step (1) applies the Woodbury identity of Lemma D.2 to (Hy,DH}; + Xe,,) !, and the remaining

equalities collect terms as in the bound for ||K7|| in Step 3, using (HJr )T = Hpy(H),Hjp)™t, and then
applying the symmetric-similarity reduction used for K; with Ay; := H, EeM Hj/, we get

[71]]
M|l < \/K(D '
1Mz < V(D) Amin (D) Amin (Anr)

The two-sided bound on D established below gives Amin(D) > Amin(Zux,,) and £(D) = O(1). For Amin(Anr),
since Amax(V 3, Var) < C, for any unit vector v, v V1,20, Vv < Avy, Aunrs 50 Amax(Zen ) < Avi Auns /G
giving Amin(35}) > q/(AVM Au,,) and hence

q _mln (HM)

)\min (AM) )\

(B.4)

Vv NManp

Now, combining these,

2
qVimin(Har)
)\min(D) )\min(A]W) Z )\min(ZuXMJ) : ﬁv
Vm AMun
so, since ¢ + 1/(1 + t) is decreasing and dropping the positive term Ay,,Ay,, from the denominator only
enlarges the bound,

Ml < Can— by e VD I A A
- ) mm(HN[) ’ Amin(EuXMJ) 7

and Cyy, does not depend on p or g.

Two-sided bound on D. We now bound
D = (¢, 1 — Efo;uH)T((HXZquH)T( + Eex)_lHXEfo;lu)

above and below, uniformly in p,q. For the lower bound of D, we can simplify this expression by simply
substituting the relations X¢, |; = By EfXHBI + Yy, and Efo;‘l = B1Y¥¢, 1 that can be easily computed
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from Equation (2.1) under treatment.

Sty = E[fnfy|A = 1] — E[far|A = 1E[f);|A = 1]
=E[(61 +Bifx +uxar1)(61 +Bifx +uxai) ' |A=1]
—E[(61 + Bifx + uxar1)|A=1E[(0; + Bifx +uxa1) |[A=1]
=E[6,0] + 6fyB] +61(uxar1) + Bifxd] + BifxfyB] + Bifx(uxai) +uxarid)
+uxpifyB] +uxaa(uxaa) |A=1]—686] —6E[fy|A=1B]
— 01 E[(uxn1) A = 1] = BiE[fx|A = 1]0] — B1E[fx|A = 1|E[f{|A = 1]B]
— BiE[fx|A = 1|E[(ux1) " |A = 1] + E[uxaa|A = 1]6]
—Eluxaa|A=1E[f{|A = 1B — Eluxa]|A = 1E[(uxa1) |4 =1]
=EB:fxfyB] +uxmi(uxyi)'|A =1 —BE[fx|A = 1E[fy|A =1]B{
=BE[fxfy|A = 1B +Eluxni(uxa1)' |A=1] - BiE[fx|A = 1|E[f¢|A = 1]B]
=B1Ze 1B + Susars

Similarly, Yeyern = BiXegp Therefore,

-1
EfM\l - Zf}\{f;ﬂxfxuzfxf&u

= BlzquB;r + EuxM,l - Blzfx|1E;X1‘1EfX\1B1r
= BlzthBlT + E11)(1\/1,1 - BlEfXUBlT

=%

uxm,1-

Also, since ¥¢, |; is symmetric, we have

wT _ T
el = Efo)I\l =X By -

Now, substituting these identities into
D=%¢,n—% HL(HxYe, 1 HY + Yoy ) THy S
far|l fo;\l X X&fx |1t x ex X fo;\/r]H’
we get

D = BlEfX‘lBir +3 - B1Efx|1H}(HXEfX|1H;( + Eex)_ll_IXfo|1P’1r

uxm,1

= EllxM,l + By foll - Efx\lH;((HXfo\lH;( + Eex)_lI_IXEfX\l BI
E
+B,EB/. (B.5)

=%

uxmM,1

Now, we first show that E > 0. We know that Hxfx + ex is the X-block of L from (A.3). By Assump-
tion 3.1(v) and the tower property, we have

Cov(Hxfx +ex | A=1)=HxY% 1 Hy +Ze,,  Cov(fx,Hxfy +ex|A=1)=% ,Hf.

Therefore,

fx Yeen Se nHy
Q:=C [a=1) - X x1HX - 0.
o ((HXfX + eX) ) (HXEfxl HxYe 1 HY + %oy ) —

The bottom-right block is invertible since HXZfX“H)T( = 0 and ¥, > 0. In particular, for any w # 0,

W' (HxZe nHY 4+ Se)w > w' Sew > 0.
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Now, fix a and let
b= —(szfxllH;r( + Eex)ilezfxlla‘

a T a
0< 9]
=a'S¢epa—a e Hy(HxSe 1 HY + Zey ) "HxZpy 1a

=a' Ea.

Since 2 > 0, we have

Since a was arbitrary, E = 0. Also, for any w,
w' (B1EB] )w = (B{ w)" E(B{ w) >0,

so B1EB/ = 0. Thus, from (B.5),

D-Y¥ =B,EB] - 0.

uxm,1

For the lower bound, let v be a unit eigenvector of D corresponding to Apin (D). Then,

Amin(D) = v Dv
= UTZUXI\/I,IU + UT (D - EUXZW,I)U
> ’UTZUXJW,I

> Amin (EUXIW, 1 )

v

Hence, using Assumption 3.1(v).
Amin(D) > Amin(Bux ) > ¢ >0,
For the upper bound, for any matrix C and symmetric positive definite K,
a'C"K~'Ca=(Ca)"K~1(Ca) >0,

so CTK~1C > 0. Now, take C = HxX¢ p and K = HXEfXHH)T( + Y. Then the subtracted term in E
is positive semidefinite, and hence E <X X¢, |;. Therefore,

B,EB| = B:%¢, 1B/ .

Using (B.5) and S¢,,;1 = B13g, 1B + Suy ., we have

D =Suy,, + B1EB]
= Suxas + B1ZgnBY
=Ygyt
Let u be a unit eigenvector of D corresponding to Apax(D). Then, using Assumption 3.1(iii),
Amax(D) = " Du = u" S, u —u' (3,1 — D)u
<u' S, pu

S )\max(ZfM\l)
<C,

Lastly, combining the two bounds, we get

0< ¢ < Amin(D) < Amax(D) < C < 00, #(D) = 7) <= =0(1). (B.6)
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Since Amin(D) > 0, D > 0, which justifies the use of D'/? and D~'/? above.

Bound on M;. We proceed in similar way as for Ms. First, we substitute the expression for Bss and
applying the Woodbury identity of Lemma D.2 to (Hx EfxllH;r( +Yey )1, and then collecting terms exactly
as in the bound for || K| in Step 3, we get that

My = ||Hj Bs2Xe, (H) 51|
= ||H}, (HMDHM + ey ) 1HszMf;‘1H}(HX2fX|1H} + Soy ) ey (HY) 54|
9 || H, (Ha DHY, + Se,,) ' HurSe, 7 HE (S0) - S0 H (5] 1
+HIS  Hy) THE S S, (HY) T8

Now, expanding the inner factor and collecting terms exactly as in the derivation of || K| in Step 3, we get
that

([ M ]]

- ||HL(HMDHL+EQM) H S, e HY S0 ey (HY) 75 — HY, (HMDHL+ZBM)_1
HMEfo;uH}E;;HX(Eflu+HX2 THy) 'HY S, ! S, Hx (HYHx) 14|

= |13, (H DHY, +EeM) HMEmelﬂl
- Hj, (H\ DHJ, +EeM) Hoy S, e i HY S Hy (0], + HEE, Hy) 761

-1
= ||, (B DH], +EeM) FL S, e71 61— By (Hy DHJ, + e, )
HMZfo;u(Zf_Xu +HS  Hx — A% \1)(2 1\1 +HS  Hy) 4|

—1 —1
— B3 (o DH, + Se,, ) HnSe, o706 — i (Hy DHY + Se,, ) HaSe, eq s

—1
(Seip + Hy o Hy) (S + HY S [ Hy) '8 + Hy, (HMDHL n zeM)

HMEfoTHfoll(Ef_XH + HT Z_lHX _1ﬁ1H

— |H], (HMDH v zeM) S, ez S (Sl + HYS Hy) 74
“1
= [|[Hx, (HMDHL + Zw) Hy S ern(Ip + HiS ' HxSe 1) A
T T -1 Ty-1 -1
< ||HM (HMDHM =+ EeM) HMH : HEfo;u(Iﬁ +Hy X Hx¥e 1) Bl” (B.7)

We'll apply the same symmetric similarity argument as for K7 above, we get that

M1l < [[Hy (B DHyy + Ze,, )™ H|] -/ 6(Sexpn) |
AVy Au 1
X T 15} X ux .
farfy |1|| H 1” mln(zx\ ) pVIQHin(HX)
The last equality comes from Api, (H % X Doy Hy) > % as derived earlier. It remains to show the leading
X tux

~1
factor is ||H}, (HMDHL + ZeM) H) || = O(1). Applying the Woodbury identity to (Hy DH}, + Xe,,) "
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and collecting terms, we get that

-1
HH;[I (HMDH—][[ + EeM) HMH
= |H,,E =S Hy (D 4+ H, S Hy) 7T H S0 H ||

enm enm em enm

= |Hy,S  Hy —H, 2 Hy (D™ +H, S0 Hy ) 7 Hy, S0 Hy |

en en enm

= |H S Hy —H S Hy (D P+ H S Hy) Y (D = D+ H S H Yy )|

en en enm enm
= [, 3g, Hy — Hy Sg Hay (D7 + Hy S Ha) 7 (D1 + H g Hay)
+H S, Hy (D™ + Hy S Hay) 7' D7 = |[Hy, 5S¢, Har (T + DH, S¢ Hay) ™|
= ||D7 DH 3 Hiy (I + DH 3¢ Hay) ™|

en em
enm

=D '(I;+ DH S Hy — 15)(I; + DHY, S Hyy) 7Yl

em

=D~ '(I;+ DH, S, Hy )X+ DH, S Hy )™t — D '(I; + DHy S Hy ) |

em enm

< |ID7Y|+ |DH Iz + DHy S Hay) 7 + D7 (I3 + DH S Hyy) 7

< 1
- Amin(D)
1 1
< + ||(Tg + DHy,Sg L Har) 7|
)‘min(ZUXMJ) /\min(ZHXMJ) ! Mo

Now, using the similar steps as for K7, we get that

-1 1
HH—J\F/[(HMDH—][I'i_ZeM) HM” < m
min uxa,1
1 1
+————Vk(D)-
Amin (Zux 1) 1+ )\min(D)(q;’i‘"M

un AV

We name this upper bound as Cp,,. Thus, we have that

—1
H], (HMDHL + EeM) HMH = O(1). Substi-

tuting this bound into the inequality (B.7), we get

M| < |[HL, (Har DHy, + Ye, )™ Har|| -/ 6(Seepn) - |

Ay A 1
Sregull 18- 5
min X min
= P Felt )‘min(ZUXM,l) )‘min(zfxll) pVIQnin(HX)
56,6711 1Bl Avy Adux 1

< CDM '%(Efxﬂ)

Amin(EuXAl,l ))\min (Efx |1) pl/r?nin(HX)

1
=C -
2 2 (Hx)

[p> 1B Avy Au
where Ca x = Cp,,;/K(Zgy1) _f&f;'l ); 4V&f )\(1) which does not depend on p and ¢. Using the bounds
min (Zux 7.1 ) dmin (St

established above for M7 and M; into || K3|| < My + Ms, it follows that

| K3l < My + Mz = O(

+ ).

P (Hx) vl (Har)

For K,. We have that
Ky=H}S;E[LLT|A=1]""E[Le;|A=1] =0

By the same decomposition L = Z + ey and the same two conditional-mean-zero arguments used for K,
(E[e1] = 0 from Assumption 3.1(iv), and the orthogonality of ey to €; from Assumption 3.1(vi), E[Le; |
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A = 1] = 0 exactly. Now, left-multiplying by H},SGE[LLT | A = 1]}, then gives K; = 0. Recall that
R, = —K3 + K;. When we combine the bounds for both the terms, it gives us when pr2; (Hx) — oo and
qu2nin (HM) — 00,

_|_

1
IRy [ < [ + [ EKall = O(—5 )

min (HX) qyr%lin (HM)
Step 5: T5;.
To identify dg up to the linear transformation Hj;, we decompose N under the control group. Using M =

I yfar + ups and the mediator regression fiy = 6o + Bofx 4+ uxar,o under A =0,

1 1 1
N=-W,M=-W]Tyfy+-Wjuy
q q q

_1
q
=H 00 + HMBOH;(HXfX +Hyuxao +em

1 0 1
= (HM50 HMBOH;() (O HX) (fx> +Huruxaro + e

1
Wi Tar (80 + Bofx + uxaro) + QW;\ZUM = H (60 + Bofx +uxaro) +enm

= dxaoHx1fx1 + ex o, (B.8)
so that NT = £ H} dxn0 + e)T(M,O, where

SIHT
Px10 = ((HM%BOI]'\I/IE()T) - (HEQ)T(I’HXD e;—(M,O = U)T(M,OHL +ey,

and where, since (HMBOHE()T = (H})TBJHL,
6(—)r (14+p)xq I !
= {gr ) eRTPH =By, ||| = [Boflop <C (B.9)

by Assumption 3.1(ii). The matrix ® denotes the lower p-row block of ®, the analogue of the trunca-
tion A" = (B{,7)" of A = (a1,8{,7)" used in Step B be as Hx; = diag(1,Hx) is block diag-
onal, Hx1(H} Hx1)™! = diag(1, Hx(H{Hx)™!) acts on ® block by block, and left multiplication by
Yeyo = diag(0, Xe, ) gives the leading 1 x ¢ row block, leaving only the contribution of ®'. The quantity ®’
is what appears below wherever ¥, acts on ®.

Define Q := (1,p W} X) T, as above. Then, we have
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el E[QQT|A =0 "'E[QNT|A = 0]
=€/ EQQTA=0"E[QN" +QQ ¢xnm0— QQ" = 0]
= e E[QQT|A=0]""E[QQ ¢xr0lA=0]+e, E[QQTM 0] 'E[@N T — QQTdxnr0lA =0]
=00 H}, + e/ E[QQT[A=0"E[Q(f{;Hi dxr0 + eXM,o) —QQTdxnolA =0
=69 Hyy + ¢/ E[QQT|A = 0] 'E[Qf ¢t Hy 1 ¢x a0 — QQ T dxarolA = 0]
+ e/ E[QQ A = 0]7'E[Qe A = 0]
=0 Hj; + 1 E[QQT|A = 0] 'E[Q(EX, HY, — Q" )éxarolA = 0]
+el E[QQT|A = 0]"E[Qex A = 0]
=80 Hy + €] E[QQT|A = 0] "E[Q(—e k) dxm,0l4 = 0]
+e/E[QQT|A = 0]7"E[Q(ex1s,0)|A = 0]

= 6o Hy; — ¢/ E[QQ"|A = 0] 'E[(Hx:1fx1 + exo)exodxarold = 0]
+ e ]E[QQT|A = 0]"'E[(Hx1fx1 + exo)(exa0)|4 = 0]
e o Hy — e E[QQT|A = 0] 'E[Hx1fx1€x0¢x01,0/A = 0]

=0
— ¢ E[QQ"|A = 0] 'Elexoexqodxar0l4 = 0]
+e[EQQT|A=0]" IE[HleXl(e;r(M,oMA = 0] +¢] E[QQT|A = 0] IE[eXOeXM 0l4=0]
=0
=60 H}; — e/ E[QQT|A = 0] 'E[exoexopxro|A = 0]
+elEQQTIA=0]" 1E[eX0eXMO‘A =0
=60 Hyy — ef E[QQ"|A = 0] 'Elexoexodxaro + e E[QQ"|A = 0] 'Elexoex o]

Ks Ks

Here, (1) involves 9;0¢XM,0 or e;';Myo, and lee;E07 lee;r(Myo are handled identically, E[lee}O |A=0]=0
and E[fx1e}M,0 | A = 0] =0 both follow from Elexo | fx,A = 0] = 0 and E[exm, | fx,4A = 0] = 0,
respectively, via the tower property. Since exnro = Haruxar,o + ey, the second of these requires, in
addition to E[uy | fx,fas, A] = 0 (which gives Elexo | fx,A = 0] = 0 and Eleys | fx, A = 0] = 0), the
mediator-error condition Eluxaso | fx, A = 0] = 0 from Assumption 3.1(iv). So, we have

]E[e:)I—(M,O | fx, A= O] = E[U}M,O | fx, A= O]HL +E[GL | fx, A= O] =0,
using Assumptions 3.1(iv) and (v). Consider that Rs = —Kj5 + Kg, and we need to bound both the terms.

Negligibility of R;.
Recall that, we need to consider the neglibility of Rs when Ry = RgH as mentioned in Step B. We start
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as follows using the factor representation Q = Hx1fx1 + exg, we have

K5 =eE[QQT | A=0]""Elexoekoldxaro
= (E[(Hx1fx1 + exo)(Hx1fx1 + exo) |A= 0])_1E[9X09)T<0]¢XM 0

1
=e (E[HleXIleHXl +Hx1fx1exo + exofx, Hy, +exoexg | A= 0]) Elexoexoldx o

e1 (EHx1fx1fyHy, | A=0]+Efexoey, | A=0))

—~
[l
~—

-1

Elexoexoldx o

—1
e; (Hx1E lele ‘ A= O]HTl + ]E[exoeXO | A= OD E[exoe;o]qﬁXMp

1

T

1

T 1
€1 (HXlAfx1|0HX1 + Eexo) eXO¢XM70
T
1 (
-
1

1
€ HXlAfx1|0HX1 + Eexo) eXo (Hg(l)T(I)H—I\CI
et (Hx1Are, 0HY 1 + Sexo) SexoHx1 (Hy Hyy) '0H],,

Here, (1) follows the conditional mean-zero condition Elexq | fx, A = 0] = 0, which by the tower property
gives E[fy1ex, | A = 0] = 0, so the two cross terms vanish, and where Ag, o := E[fx1fy, | A = 0] is the
uncentered second moment and ¢x a0 = (Hgﬁ)beHz\T/[. We now rewrite the expression for K.

Ks = ef (Hxpg,¢7, j0HX1 + Zexo) ™ Sexo Hx1 (Hy Hx1) '@ Hy, = KHj,

Ks
Now, we bound the K’5,
|||
= ”eI(HXl/u‘fxlf;lmH}l + 2exo)7126)(0HX1(H;l—(lH)(l)ilq)H

(1+ N;;mH;((HXEfX\oH;(
= eir +Eex)71HX,ufx|0
(_M;‘;‘OH;—((HXZmeH; +Tey) HT (Hx e oHy + ey )t

= || = pgy o Hx (Hx Sy 0Hx + Yoy ) 'Sy Hx (HyHx) ' ®||

:”_M;‘;\OH)T{(E_l_Z;;HX(Zf_le“'H}Z;;HX) "Hy Y, ! )Se, Hx(HyHy) ' 9|

= [lngg o Hx Sey Zex Hx (HYHx) '@ — pf o HY . [Hx (¢
+HYE  Hy) "HY S, S Hy (H Hy) ' ||

= ll1gy 0@ = Hy P HX Seg Hx (B + HxE Hx) 'HY S (Hx (HiHy) '@

=l o® — g 10 (S0 + HESo Hy) — S0 0) (50 + HESS Hy) 70

= [l11gy 10® — Hgy 0@ + gy 10010 (Srg o + Hx Zey Hx) 0|

:||#;;\OEFX\0(E;X\O+H}E;;HX) 1(I)H:||fo\o( JrHX2 HXEfX|0) 1cI>||

g ol
1+ )\min(zfx\O)Amln(H E HX)

—M;;‘OH}(HXZmeH;T( + ey )t 0T 1
EQXH)((HXH)()7 d

</ E(Xex0)

Now, we have

" 18, o 1211 A 1 1
K5 ] < 3 /K(Beyjo) — : =COky " —3
T i) i (Hx) PV (FLx)
Using the similar steps as above, we have | K5|| = O (W) where

”NE;H\OHHCI)”XUX

CK5 = H(Efxﬂ)) Ao (Zf ‘0)
min X1
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which doesn’t depend on p.

For Kg. Since exg is a linear function of uy,

Kg=e/E[QQT|A = 0]_1E[9X09;M0] =] E[QQT|A=0]" 1IE3[9X0(11XM oHir +eir)]
=€ E[QQT|A =0]" IE[eXOUXM,oHM] +e E[QQTM =0]" 1E[eXOeM] =0

the first term vanishing by Assumption 3.1(vi)(b) and the second by Assumption 3.1(vi)(a).
Recall that Rs = — K5 + Kg, so

Rs = —K; = —K:H},

For notational convenience, take Rs = —K3, and we have |Rs|| = O (m) as pv2. (Hx) —oo. O

B.1 Proof of Corollary 3.2

Proof. For a € {0,1}, define p, := E[Y (@] = o, + v, §,Here each p, = a, + 7, d4 takes both its outcome
coefficients (g, 7v,) and its mediator coefficient §, within the same arm «a, so that p; and pg are the within-
arm cases (ay,an) = (1,1) and (0,0), whereas 6y = a; + 1 8 of Theorem 3.1 is the cross-world case (1,0).
Since Assumptions 3.1(iv)—(v) and 3.1 hold for each arm separately, the argument of Theorem 3.1 applies to
each with the arm index relabeled. We therefore write p, for this quantity in Theorem 3.1. Then, we have
OaTE = 11 — o,  OATEp = f1,p — Mo,p- Using the same notation as in Theorem 3.1, let

1
1 1
L: IVVT.X s :( ), [szva[\[i.
ijVTIM @ ;%W)T(X q M

By the same population-level argument as in Theorem 3.1, applied separately under A =1 and A =0, pqp
admits the representation given in the corollary statement for each a € {0,1}. It follows that

OarE — Oarep = (11 — f1,p) — (B0 — Ho,p)s
s0, by the triangle inequality,
|9ATE — 9ATE,p| < pr — papl + po — po,pl-

Applying Theorem 3.1 to a = 1 and a = 0, there exist constants C7,C{y > 0, independent of p and ¢, such
that

1 1 1
a — Ma SCI + 1+ , a€{0,1}.
ta = oyl ( PV (Hx)  qviy, (Hoy) . mln(HX)) 0.1}
Combining the two bounds yields
oxrs = x| < (CF +Co)( L1 )(1+;)
* * ? B ! 0 lTllIl(HX) Il'llIl(HM) IﬂlIl(HX)

As p and q grow large, the right-hand side converges to zero, so Oatg, — Oare as pv2;, (Hy) — oo and
@i (Har) — o0, O

C Asymptotic Analysis

To prove Theorem 5.2, we first establish a few results that will be used in the main proof. Recall that
FARMA uses two-fold cross-fitting. We consider one regression fold at a time, with the projection matrices
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estimated using the other fold. Within the regression fold, the treated units are used to estimate &; and 41,
while the control units are used for the second-stage bridge regression. We derive the expansion for one fold
and combine the two fold-specific estimators at the end.

For fold k, let n! and n{ denote the numbers of treated and control units respectively. Since the two
folds have approximately equal size and the treatment probabilities are bounded away from zero and one,

ny, < n,n§ =< n and ng < n. Thus, rates written in terms of n!, or n§ are of the same order as rates in n.

1TPS1
(Lemma C 3)

W bound Eo bounds Master bias 41 expansion
(Lemma C.1) (Lemma C.2) (Lemma C.5) (Lemma C.6)

FTPS
(Lemma C 4)

Figure 6: Proof dependency for Theorem 5.2. An arrow from one result to another means the first is used
in proving the second.

Asymptotic normality
(Theorem 5.2)

The supporting results below are used in the main proof. Lemmas C.1-C.5 give the bounds needed to
control the error terms, while Lemma C.6 gives the expansion of 4;. We use these results in the proof of
Theorem 5.2.

C.1 Supporting Results

Throughout this subsection, we work conditional on the training fold, so Wx and W, are treated as fixed.
We use the notation from Section A.1.
We first prove Proposition 5.1, which shows that our normalized loading matrices are well-conditioned.
Proof of Proposition 5.1
Proof of Proposition 5.1. We first prove the result for Hx. We write Sx = I'xXs, FX and ¥x = Sx + Zuy-
Since Wx = ,/pVx,
Hy = 1Wj(rx = iv}rx, H{Hy = 1FI(PVXFX,
p VP p

where Py, =V XV;(. Therefore, it is enough to bound the minimum and maximum eigenvalues of H;EH X-
For notational simplicity, throughout the proof we write n = nj and relabel the observations in Dy as i = 1, 2.

Step 1: Upper bound. Since the projection statisfies Py, = I, we have that %I‘}PVXI‘X = %F)T(I‘X.
Therefore, by Assumption 3.2,

1 1
max(HX) - >\max (pF;(PVXFX> < )\max (pr;r(rX> < C.

Hence, vmax(Hx) < v/C. The rest of the proof establishes the lower bound.

Step 2: Signal spectrum and eigengap. By the law of total covariance,
Ye, = E[Cov(fx | A)] + Cov[E(fx | A)].

Since A € {0, 1}, the first term is the weighted average of Cov(fx | A = 0) and Cov(fx | A =1). Recall that
f=(fy,f);)7, so Cov(fx | A= a) is a principal submatrix of Y¢ja—q- Thus, by Assumption 3.1(iv),

cls X Cov(fx | A=a) <X CIj, a € {0,1}.
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Now, taking the weighted average over A = 0 and A = 1, we therefore have
clz < E[Cov(fx | A)] = CI;.
Now consider Cov[E(fx | A)]. Let m = P(A = 1). Since A is binary, we have

Cov[E(fx [ A)] = 7(1 — W)(fou - ,fo\o)(,ufxu - NfX\O)T = 0.

By Assumption 3.1(iii), ||i¢y|all2 < C for a € {0,1}, and hence

||/J’fx|1 - /’LfX\OHQ < ||:u’fx\1H2 + ||,LLfX‘0||2 < 2C.

Therefore, || Cov]E(fx | A)]|lop < C, where C' be the universal constant. Now, combining the two terms, we
have

Arnin(zfx) Z )\min (E[COV(fX | A)]) Z c,
Amax(zfx) < )\max (E[COV(fX ‘ A)]) + /\max (COV[]E(fX | A)]) < C.

Therefore, ¢ < Apin (Zey ) < Amax(Zey ) < C.
Recall that Sx = [xEg, Tk. Let Ay = I'xXp/” and By = £/°T'y. Then AxBx = Sx, while BxAx =

E;}{zF;I‘X E;)/(Q. Since Ax Bx and Bx Ax have the same nonzero eigenvalues, the nonzero eigenvalues of Sx

are the same as those of 2;)/{2F)T(FXE}}/(2, By Assumption 3.2, IT'{I'x = pcrl; for some cr > 0. Therefore,
we get
Egzr}ergz = perXg, = peresls,

where Apmin(Xgy) > ¢ > 0 for some ¢y > 0. Hence, )\min(Zg{QI’}FxEKf) > perey. Since these are the
nonzero eigenvalues of Sx, we have Az(Sx) > percy. After crey into some general positive constant ¢, we

obtain A\;(Sx) > pc. Also, Assumption 3.2 implies that I'x has full column rank p. Since ¥¢, > 0, ng is
nonsingular, and therefore

rank(Sx) = rank (FXE})/(z) =p.
Hence, Sx has exactly p nonzero eigenvalues, so Ay41(Sx) = 0. Therefore, the eigengap at p satisfies
Ap(Sx) = Ap+1(Sx) = Ap(Sx) = pe.

Finally, since Sx = I'x (¢, F)T(), we have Col(Sx) C Col(I'x). Since both spaces have dimension p, it follows
that Col(Sx) = Col(TI'x). Hence, the leading p-dimensional eigenspace of Sx is Col(I'x).

Step 3: Operator-norm perturbation bound. The proxy measurement satisfies x;, = I'xfx; + ux,.
By Assumption 3.1(iii), E[fx ;] = 0 and by Assumption 3.1(ii), E(ux ;) = 0. Writing x = 1 3" | x; and the
sample covariance matrix is

1 n
Yx = — E xix;r—ich.
n -
=1

Recall that dx = 4/ longH + ﬁ. Substituting the factor model and using ¥x = Sx + X4, , we have
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n
N 1 o
Yx —Sxy=— E XiXZT—XXT—SX
n
i=1

1 & .
-~ Z(FXfX,i +uyx;)(Dxfy,; +ux;) —xx' —Sx
i=1
=Ix (l zn:inf;? )F)T( +Ix (l zn:inu;( )
nim ! nia !
1 & 1 B
+ (H ; UX,if;7i>F} + -~ ; uX,iu)T(,i %l _ FfoXF)T(
I T I~ -
=Tx (ﬁ ZfX=ifX,i - fo)rx + (g Z Uy iUx; — Eux) + Yux
i=1 i=1
+I'x (l ifx 'l.l—r ) + (Fxl ifx -uT -)T — )_()_(T
n P 0 X1 n P 29X

1 & 1 &
—T (fE:f gL % )FT (f§: iT»fzu)
X niZI X1 X i £x )L x + ni:1uX, Ux; x

S S(2)
1 ¢ T 1 ¢ T\ o=T
JFFXn;fX,iuX,iJF(FXn;fX,iuX,i) +Xu — XX (C.1)
S(3)
Let Fx = [fx1,..., fxyn]T and Ux = [ux,..., uxyn}T. We bound each term in (C.1) separately.

For term S™. The eigenvalues of ¢, are bounded away from zero and infinity using Step 2. Define
k, = Zf;l/zfXJ. By Assumption 3.1(i), the vectors k; are independent. Also, by Assumption 3.1 (iii),
E(k;) = 0 and var(k;) = I,,. Thus, the vectors k; are isotropic. To check sub-Gaussianity, for any unit vector
v € RP,

VTki _ VTE;X1/2fX’Z_ _ (E;Xl/QV)TfX,i-

By Assumption 5.1(i), we have that

—1/2 —1/2
IV kil < CIEe V]2 < CISe P lloplivl < C,

fX fX

where the last inequality follows from Apin (X, ) > ¢ > 0 established in Step 2. Therefore, the vectors k; are
independent, mean-zero, isotropic sub-Gaussian vectors with uniformly bounded sub-Gaussian norm. Let

Kx = [ki,...,k,]". Since fx; = Zé/(zki, we have Fx = KXZ%)/{Q. Hence, we have
HEF)T(FX S| = H21/2 TkIK - 1) 512 (C.2)
n X op fx n p fx op
1
1/2
< IS0 || KK~ 1| (C3)
Lot
= ISt llop| ~ KX Kx — Iy (C.4)
n op
LT
< cfHEKXKX Sy (C.5)
op

where Cf is a constant such that ||X¢, ||op < Cf. Now, Kx is an n x p random matrix whose rows are inde-

pendent, mean-zero, isotropic sub-Gaussian vectors. Using the Equation (4.27) in the proof of Theorem 4.6.1
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of Vershynin (2026) applied to Kx, we have

P S
< Cmax(dyx,0%), 5X=C<\/7—|—>.
op n  \/n

Now, taking s = v/¢, the probability in Theorem 4.6.1 becomes 1 — 2e~*, and

5X=c<\/§+\/z>gcﬁ.

Therefore, with probability at least 1 — 2e~¢,
D+t D+t
<C ( [Pt P+> .
op n n

Since p is fixed, we have p 4+t < C(logp + t) for sufficiently large p, we have:

1 1 1
<C /Og%“ . HnF;FX_EfX <C /Og%ﬂ

which follows from Equation C.2 and we absorb Cy in C. Also, by Assumption 3.2,

1
“KIKy —1I;

1
KKy — I

1
“KIKy —1I;

op op

1
pr§rx

1
= Amax (pri(rx) <C = x5, = Amax(TxTx) < Cp.

op

Finally, we have that

1 1
1500y = [ (SFRFx - 22, ) T LpiEy -3,

< ||FX||c2)p

op
1 t
< on 2L < Gy

For term S®). Define |; = 21_1)1(/2ux7i. By Assumptions 3.1(i)-(ii), 3.1(v), and 5.1(i), the vectors 1; are
independent, mean-zero, isotropic sub-Gaussian vectors. Let Lx = [l;,...,1,]T. Then

op

ux’

1 1
—UlUy =3x/? (L}LX> ni/2
n n

and hence

1
1P op = || UK Ux = uy

op

1
- HZ”Q(*L;LX - Ip) rL/2
n

ux

op

1
< 1y llop || s LXLx ~ 1,

op

1
< C’HfL)T(LX s
n

op

By Equation (4.27) in the proof of Theorem 4.6.1 of Vershynin (2026), applied to the n x p matrix Lx and
taking the tail parameter there to be v/¢, with probability at least 1 — 2e~*, we have

<c<\/p+t+p+t>.
n n
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Using [|Zuy |lop < C from Assumption 3.1(v), we have

t t
1S@lop §C< /p++p+> .
n n

Since dx < ¢ < 1, we have (logp +t)/n < 1, and hence t < n. Therefore,

[p+t p \/7
— <, /= — < < .
n _\/;Jr n_C\/ﬁ_Cp(sX

4
PIL <Py < opoy.
n n

Also, we have

Thus, we get that
18® lop < Cpix.

For term S®). By Theorem 4.6.1 of Vershynin (2026) applied to the independent, mean-zero, isotropic
sub-Gaussian rows of Kx and Ly, and taking the tail parameter there to be v/¢, with probability at least
1—Ce™t,

Kxllop < C(Va+vB+VE),  |Lxlop < C(Vn+ B+ V1)

Since p is fixed, we have |Kx/|lop < C(v/n + V). Also, since Fx = K)(Etln)/(2 and Ux = LXE&,/XZ, we have

1/2
IFxllop < K xllop |5 llop < C(vn + V),

fx

and
[Uxllop < ILxfloplI St Nlop < C(VR+ B+ V1),

where we used the bounded eigenvalues of ¥¢, and ¥, . Therefore,

) 1
15lly =[x s FRUX

op

<K op IFx lop [ U x oy
< OV (/i VI + VB4V,

where we used ||I'x||op < Cy/p. Since dx < ¢, <1, we have (logp +t)/n < 1, and hence ¢ < n. Therefore,

Vvt < y/n, and
15 op < CY2 (4 vP)

p
< .
<c(vit )
L< /logp—i-t.
vn o~ n
/1 t
||5(3)||0p§0{\/13+p OgiJr}Cp(;X'

Since the operator norm is unchanged by transposition, [|(S®) T ||op = [|S®)]|op < Cpdx-.

For sufficiently large p, logp +¢ > 1, so

Hence, we get

For the remaining covariance term, Assumption 3.1(v) gives || Xy [lop < C. Since

logp+t
pox = p\| o=+ /P >V,
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we have ||Zyy|lop < Cpdx for p > 1.
Finally, we bound the sample mean term. Since
I I
x =Ixfx + ux, fx = ﬁz:lfx,u ﬁX:ﬁZ;uX,i,
i= i=

we first bound fy and Gy separately. By Assumptions 3.1(i), 3.1(iii), and 5.1(i), the vectors fx ; are inde-
pendent, mean-zero, and sub-Gaussian. Since p is fixed, with probability at least 1 — Ce™¢,

_ D+t I t
Ifx]2 < C [ptt < Oy jlogp 1t
n n

Now consider tix. For each j =1,...,p,

n

) 1

uxj =~ > uxij-
i=1

By Assumptions 3.1(1)—(ii) and 5.1(i), the variables ux 1j,...,ux n; are independent, mean-zero, and sub-
Gaussian. Therefore, for each fixed j,

—t
P ('uX]| > C W) < 26—(10gp+t) _ 267
) n ,

Now, taking a union bound over j = 1,...,p, we have that

I t
P (max|ﬂx7j| > Chy/ ng+> < 2¢7 %
J<p n

Hence, with probability at least 1 — 2e7¢,

lo t
max |ux ;| < C4/ ﬂ
J<p n

Using ||v]l2 < /P ||V]l« for any v € RP, we have

_ _ logp +t
x|l < /p max iy | < C\/pi( gp+t)
i<p n

Now, using X = I'xfy + tx, we have

I%[l2 < [ITxExll2 + o2
<l llop 1 fl2 + [l [l2

1 ¢ 1 ¢
SC\/JS\/OgZ+ +C\/p(og5+ )

<c p(logp + t)7

n

T

where we used [|[I'x|lop < Cy/p. Since XX ' is a rank-one matrix,

1% lop = [I%]13 < Cp

logp +t 1
ox =4/ ——+ —.
n VP
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Since dx < ¢x < 1, we have (logp +t)/n < 1. Therefore,

logp+1 < [logp+1 <5
n - n -

%% " [lop < Cpix.

Hence,

Now, let Ax; be the intersection of the events used in the bounds for SM 8§32 SG) £y and ux. Since
there are only a fixed number of such events and each has failure probability bounded by Ce~*, a union

bound gives
P(AX,t) > 1-— Coe_t.

Therefore, on Ax, all the bounds hold simultaneously. Using (C.1) and the triangle inequality, we obtain
ISx = Sxllop < Cpéx. (C.6)
Step 4: Eigenspace perturbation.
By Step 2, the eigengap of Sx at p satisfies
As(Sx) — Ap41(Sx) > perey,

and the leading p-dimensional eigenspace of Sy is Col(I'x ). Let Py, , denote the projection onto the leading

p-dimensional eigenspace of )y x, and let Pr, denote the projection onto Col(I'x ). On the event Ax ;, Step 3
gives .
[Xx — Sxllop < Cpix.

If 6x < crey/(2C), then we have

. 1 1
1Zx = Sxllop < gperer < 5{Ap(Sx) = Ap+1(Sx)}-

Therefore, by the Davis—Kahan sin © theorem applied to Sy and Xx, we get

2)|Sx = Sxllop
Py, —PB
1Py = Poxllop < Ap(9x) = Ap41(Sx)
< 20]?(5)(
percy
= Cgx,

where Cs = 2C/(crcy) depends only on the constants.

Step 5: Working projection. R
Since p > p, the columns of Vx 5 and Vx are the leading p and p eigenvectors of the same matrix X x. We

first show that there is a gap at p for Yx. By Weyl’s inequality and the bounds of the Steps 2-3, on Ax 4,

A(Ex) = A5(Sx) = [Ex — Sxlop
> pcecy — Cpdx,

and also,

Ap+1(Ex) < Apr1(Sx) + [Ex — Sxlop
S Cp(SX,

If 6x < ccp/(4C), then
. 3 - 1
Ap(Ex) 2 ypecr, Apra(Ex) < ppeey.

45



Since p > p, the leading p-dimensional eigenspace is contained in the leading p-dimensional eigenspace, so
Col(Vx ) C Col(Vx). Now, writing Vx = [vi,...,vp] and Vx5 = [v1,..., V], we have

P
— § v
PVX - PVX,E = VJV]- .
j=p+1

For any vector a, we have

Therefore, we have

Therefore, we get that

Since Pr I'x = I'x, we can write that
1+ 1+
~TxPvy, I'x = -TxI'x +&x,
p p
1
Ex = EF; (Pvy, — Pry)Tx.
By Assumption 3.2 and the bound of Step 4,

1
[€xllop < 5||1“X||3PHPVX,5 = Pryl|,, < CCoox.
Step 6: Lower bound. Now, combining Step 5 with Weyl’s inequality and Assumption 3.2,

1

Vain (HX) = Amin (pF)T(PVXFX>
LT

> Amin | —IxPvy,I'x

P :

1
> Amin <pr}rx) — 1€x llop
Z C — Ccﬁéx.
We set ¢, = min{l,ccs/(4C),c/(2CCg)}. When 6x < c,, we get that v2, (Hx) > ¢/2, hence, we have
Umin(Hx) > 1/c/2. Therefore, on Ax ;,

\/g S Vmin(HX) S VmaX(HX) S \/5

For the mediator block, E[f3;] need not be zero. Since S s computed after demeaning, we apply the same
argument to fi; — E[fys]. By the same argument as in Step 2 and Assumption 3.1(iii)-(iv), Cov(fys) has
eigenvalues bounded away from zero and infinity. Thus, Steps 1-6 apply with (g, I'ar, Cov(far), X, G, 0ar)
in place of (p,I'x,X¢y, Zuy, D, 0x). Hence, on an event Aps, with probability at least 1 — Cpe™?,

\/g S Vmin(HM) S VmaX(HM) S \/5

Let Ay = Ax+N Apre. By a union bound, P(A4;) > 1 — Cie~* for some universal constant C; > 0. Therefore,
whenever §, = max{dx, 0y} < ¢,, we have

& S Vmin(HX) S Vmax(HX) S Cy & S Vmin(HM) S Vmax(HM) S 07
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Lemma C.1 (Operator norm of the weighting matrix). Let W = diag(p™'Wx,q 'Wy), where Wx =
\/]BVX and W]u = \/aVM; with V;(VX = Iﬁ and VLVJW = Iq. Then

1

W2, = .

Proof. Since Wx = /pVx and Wy = /g Vs, we have W = diag(p~'/*V x,q /?*V ). Because Vx and
Vs have orthonormal columns, we have that

_ 1 _
||p 1/2VXng = 57 Hq 1/2\7M||gp =

Also, since the operator norm of a block-diagonal matrix is the maximum of the operator norms of its diagonal

blocks, so
11 1
||VV||2 = max{ } =—.
PAg
O

Lemma C.2. Suppose Assumptions 3.1-3.2 and 5.1-5.2 hold. Then, conditional on the training fold, as
n,p,q — o0,

(i) |3EETED),, = 0 (54) - Bollop = Oy (/55

(ii) || FTEOH =0y () 317 EG |, = O, (M)

f
_ 1
=0, (W) H —Ej 117 E

(iii) || L {EJEo — E(BJB,)

(i) || JEd e, =0, (m)
Here n denotes the number of rows of the relevant sub-sample. When the lemma is applied to the treated
outcome regression, n is replaced by nt., and when it is applied to the control bridge regression, n is replaced

by n§. Since n}, < n§ < ng < n, every rate above is order-equivalent under these substitutions.

=0 ()

Proof. Recall from Section A.1 that Eg = (0,,E) with E = UW. Since the first column of Eq is zero,
it is enough to prove the corresponding bounds for E. We use the inequalities [|A|op < [|Allr, |ABlop <
|AllopIBllop, and tr(ATBA) < [|B||op||A||% for positive semidefinite B. By Lemma C.1, W2, =1/(p A q).
Since W has at most p + ¢ columns and p, § are fixed,

S 1
W2 < G5+ @) [WIZ, = 0 () |

PAgq

Because W is fixed conditional on the training fold, the rows of E = UW are independent across i within
the regression fold.

Proof of part (i). Let ¥, = E(u;u; ). By Assumption 3.1(ii) and (v), ||Sullop < C. Since E = UW,
E'TE=W'U'UW.

The rows of U are i.i.d., so E(UTU) = n¥%,,, and therefore E(ETE) = nW X, W. It follows that

1
“E(ETE
Hn ( )

—lwT 1
= W, < WIS =0 ()

Since Eq only adds a zero column to E, the same bound holds for Eg.
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Next, using [[El|op < [[E| r,

E|E|3, < E[E[
Etr(ETE)
=ntr(WTZ,W)

< nl[Sullop [WIIZ

)
1Bl = 0, (/72 )

Since adding the zero column does not change the operator norm, we have
n
[Eolln = IElly = 0, (/-2 ).

L1TE and FTE in order to find the bound of

op —

N

Therefore, by Markov’s inequality,

This proves part (i).
Proof of part (ii). Since F; = (1 F), we first bound

ﬁFlTEO. For the first term,

7

HlTE

2
I
i=1 2
- LS E W
n =1 o

= tr(W T2, W)
< [ Ballop W

-o(5%)
pAq

where the cross terms vanish because the observations are independent and E(u;) = 0. Thus, we have

HNE

D \/T .
FOI' (he SeCOHd lerm, nO(e lha(

F'E= zn: fu] W.

i=1

By Assumption 3.1, ]E(fiu;r) = 0, so the cross terms vanish. Hence, we have

FTE

1 n
= Elfu] W2
n; [fiu; W%

= E [|If]31W "l |3]

|

(1)
< {E|fillz}*{EIW Tuy |3}/

2o(5r):
PAg
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where (1) uses Cauchy-Schwarz and (2) uses Assumption 5.1 and Lemma C.1. Since sub-Gaussian random
variables have finite moments of all orders, the fourth moments above are finite.

Now, combining the bounds for 1"E and FTE, and using || - [|op < || - ||F, Markov’s inequality gives

F| E,

Hf :O<\/pqu)

Moreover,

2

1 1

2
E[|-1TE ::1E‘1TE :()<1>,
n s 1 ||Vn 9 n(p Aq)
Thus, we simply have
1 1
e o, ().
n 2 n(pAq)

This proves part (ii).

Proof of part (iii). Let w, denote the ath column of W, for a = 1,...,p+ ¢. Since E = UW, the (a,b)
entry of ETE is

n

(BTE)w = 3 (w) w)(w) u).

i=1

Hence, we have

J,{ETE (ETE)a)} = ¢,§:{‘N )(wy w;) — E[(w, w;)(wy w;)]} .
The summands are independent and mean zero. Therefore,

Var {\f {(ETE)q - E[(ETE)ab}}}

= Var [(wTul)(waul)]

<E [(w ul)z(w;rul)z]

< {E(w, ) }V2{E(wy w)*} 2
< Cllwall3llwsll3

< C

~(pAg)*

where the fourth-moment bound follows from Assumption 5.1(i), and the last inequality uses ||wq||2, [|[Wp]|2 <
|'W]lop together with Lemma C.1.
By Chebyshev’s inequality, for every a, b,

f {(ETE)w, —E[(E"E)w]} = O, (1) :

PAq

Since p + ¢ is fixed, the matrix has a fixed number of entries. Also, for a fixed-dimensional matrix A,

1Allop < JlAllr < (B + g) max A

1
=0 (s
op PAq

Therefore,

E'E-E[E'E)}

|
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Since Eg only adds a zero column to E, the same bound holds for Eq. This proves the first half of part (ii).

For the second part, note that ET11TE = (ET1)(ET1)T is a rank-one matrix (an outer product of the
vector ET1 € RPH4 with itself), so its operator norm is exactly the squared Euclidean norm of that vector,
so we have

E'11TE 1)2.

Bz o v

Now we connect ||E" 1|z to the quantity already bounded in part (ii). Since ET1 =n - (%1TE)T, we get

2

1
E'1)2=n%|-1"E

2 )

n 2
Now, substituting this we get that
2 2 2
n 1 1
E'11'E| =—|-1TE| =n*?||-1TE
H\f op Vv |[n 2 n 2

By part (ii),

1 1
Z1TE| = Op | — 1.
n 2 n(p A q)
and hence )
1 1
o] -0 ()
n 2 n(pAq)
Therefore, we have
H E"11TE|| =nr*?0 (1)
= p
vn op n(pAq)

“or(50),

Since Eg only adds a zero column to E, the same bound holds for Eq. This proves part (iii).

Proof of part (iv). Finally,
Tel == ZWTuiel,i-
i=1

Using independence across observations and the tower-property condition E(u;e;,;) = 0, the cross terms
vanish. Hence, we have

T
HE €1

1 . T 2
= D EIW w3
1=1

=E [, |W u3]
< {Eleri| "} H{EIW Tuy 531

1
0(53),
PAg
by Cauchy—Schwarz, Assumption 5.1(ii), and Lemma C.1. Therefore, by Markov’s inequality,

EO €1

o ()

This proves part (iv). O
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A projection bound.
We next bound the projection term 1T Pg1, which is used in the bias bounds below.

Lemma C.3. Suppose Assumptions 3.1-3.2 and 5.1-5.2 hold. Then, conditional on the training fold,
1" Ps1 = 0,(1),
where Ps = EqS(STEJEoS) 1STE] .

Proof. The idea is to use the special form of Eg. Since the first block of Eq is zero, EgS = ES, where S is the
lower block of S. We then normalize ES by its population covariance and work with the resulting whitened
matrix. Let n be the sample size of the regression sub-sample. The quantities p = p,, and ¢ = g,, may grow
with n, while p, ¢, p, g are fixed. Define d = (p — p) + (¢ — ), which is fixed. For the X part, let Ux € R"*P
and Wx € RP*P and recall Wy = /P Vx with V;—(VX =I5, so that

S

UxVx € Rnxﬁ.
VP

1 1
Ex = -UxWx =-Ux(y/pVx) =
p p
Similarly, for the M part,

1 1 _
Ey=-UyWy =—UyVy € Rnxq,
q Vi

where Wy, = /g Var and V,;Vyy = I;. Also, E = (Ex Ejp) € RPXP+D and Eg = (0 E) € RP< (14740,
Let Sx € RPX(P~P) he an orthonormal basis for the orthogonal complement of Col(Hy), and let Sy €
R9*(@=2 he an orthonormal basis for the orthogonal complement of Col(Hs). Hence Sy Sx = I;_; and

S]T/[SM = I5_4. We take
g_(5x O (p+q)xd
S = ( 0 SM) eR .

If a different orthonormal basis is used for the same space, the projection is unchanged because only the
column space matters. By Assumption 3.1, the second moments ¥, = E[2U{Ux] and %,,, = E[2 U], Uy]
satisfy E[U% U] = 0 and

)\min(zux) > cx > 07 )\min(zuM) > CM > 0.

Assumption 5.1 provides the fourth-moment bounds used below.

Step 1. Reduce EyS to ES. Write S by separating its first row from the lower block

50 5 54
S:<§), so €RY, § e RPHD*I,

Since Eg = (0 E), we have

EoS = (0 E) (S;Jj)

=0-s; +ES
=ES.

So EgS and ES are the same matrix, giving Ps = Pgg and 1" Ps1 = 1T Pggl. It is therefore enough to
prove 17T Pggl = Op(1).

Step 2. Compute the population covariance matrix using block matrices. Define
1~ _
Y=E [STETES} :
n
We compute this directly from the block form of E. Since

E=(Ex Ey).

o1



we have . .
Tw_ (ExEx ExEy = (Sx 0
BoE= (EX{EX EEun and 5= {"g S )’
we get
lorpTpg— L (S% O (BiEx EEw)(Sx 0
n n 0 SM E]WEX E]WEM 0 SM
_ (SXEIExSx  1SIBIEy Sy
+SUELExSx  =SUELENSy)

Now we compute each block. Since Ex = %UXVX and E,; = %UMVM, we have

1 1 1
EE}EX = ;V; (nU}Ux> Vx,

1 1 1
1 1 1

Taking expectations gives

1 1 1
E |: E;F(EX = *V;r(quVX7
i p

n

1 1 1
E[nELEM :QVAT/[EUMVM,

) -
E|-ELEy| =0.
|:n X ]\/I_

~1
_ (p7Qx 0
>= ( 0 q—19M> !

Qx =S4 ViZu, VxSx, Qur =Sy Vi Sa, VS

Therefore,

where

We now show that Qx and €, are uniformly positive definite. For any a € RP~?,
a"Qxa = (VxSxa) Sy, (VxSxa)
> ¢||[Vx Sxall3,
where the last inequality follows from Assumption 3.1. Since Vi Vx = I; and St Sx = I;_5,
||sz’xa||§ = (LTS;V;(V)(SX{I
=a'SySxa=|al3.

Hence, a'Qxa > c||a|2, 80 Amin(2x) > c. The same argument gives Ayin(Q27) > c. Therefore,

)\min(p_ng) Z ) )\min(q_lgl\/f) 2

)

LN et

c
p
and hence X is positive definite and invertible.

Step 3: Whiten the matrix and rewrite the projection. Define

E=ESy Y2
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Since ¥ is positive definite, ¥ ~1/2 is invertible. Therefore, multiplying ES on the right by £~!/2 does not

change its column space, so Col(E) = Col(ES) and Py = Prg. Hence, we have
1" Pggl =1"Ps1
=1"E(E'E)"'E"1.

Now, using the normalization by n, we get

1Tyl = <\}E1TE) (:LETE) (%Eﬁ) |

1 ~
A4, = —1"TE, B, = -E'E.
vn n

Define

Then, we get
1"Pgsl=A,B'A].

Thus, it is enough to show that [|A,||2 = Op(1) and || B, ||lop = Op(1).

Step 4: The whitened rows have covariance I,. Let &/ denote the ith row of E and let e; denote the
ith row of E. From the definition of E, €, = e S%71/2. Since E(e;) = 0, we also have E(¢;) = 0.
Recall that

1_ _
Y=E [STETES} :
n
Since ETE = Dy eie;'—, and the rows are identically distributed within the regression sub-sample,
1 n B B
Y==) E[STere/ S
- ; [STesel S]
=E [STeieiTg] .
Therefore,

i
=y"1/2E [STeie;rg} »o1/2
— 271/22271/2
— 1,

Thus, the rows of E are mean zero with covariance 1.

Step 5. The fourth moments remain bounded after whitening. Since
-1
(T Ox 0
Y= ( 0 q—lQM> )

S/ (\/ﬁﬂxl/z 0 > |

we have

—1/2

0 \/E]QJV[

Also, we have ~

— (ﬁUXVXSX ﬁUMVMSM) .
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Therefore, we have

E=ESxy /2

1/2
1 1 Q 0
- (WUXVXSX WUMVMSM) <\[ 0 \/@QMl/2>

— (UxVaSxQ5? UnVar$uy?).

~ ~ ~ T ~ ~
Write the ith whitened row as e; = (g)—gZ g& Z) where gx,; and gas; denote the X and M blocks, respec-
tively. Consider one coordinate of gx ;. It can be written as a'ux ;, where a is a column of VxSxQy 1/2,
Since Vx and Sx have orthonormal columns,

1/2
lallz < IV xlloplSx llop 125

= 125" lop
= )\min(QX)_l/2 < Cv

llo

where the last inequality follows from Step 2.

By Assumption 5.1(i), linear forms of ux; have uniformly bounded fourth moments. Hence, E(aTu X,¢)4 <
C. Since p — p is fixed, it follows that E||gx |3 < C. The same argument applied to the M block gives
E|gar.i|l3 < C. Finally, since

I€ill3 = lgx.qll5 + 11garill3,
we have

2+ 209l

le:ls <

Therefore, E||¢;||3 < C uniformly in n, p, q.

Step 6. Show that B, ' = Op(1). Recall that
B, fETE = Z”T.

From Step 4, E[e;e; | = Iy. For the (j,k) entry, (Bn)jx = + Y1, ;€. Hence, we have E[(By) 1] = (Ia);k-

Also, using independence across i and the uniform fourth moment bound,

le—_
Var{(B,);xr} = Var <n Zleijeik>

1 ¢ .
=3 ZVar(eijeik)

=1

1 n

1S mpa
=1

1 n

3 > Efel*
i=1

C
<= 0.
n

IN

IN

Therefore, we have (By);x 2, (Iq)j for each fixed pair (j, k). Since d is fixed, this gives B, 2 I By
continuity of matrix inversion at Iy, B, * % I;. Therefore B;* = Op(1).

Step 7. Show that A, = Op(1). Recall that

1 ~ 1 &
Al =—=E"1=-"723Y"¢,.
"= U NeE=a
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Since the rows are mean zero and Cov(e;) = I, we have

1 < ?

Therefore, by Markov’s inequality applied to || A,]|?,

E|A]|? =E —tr

3\

i) =

E|A.|* _ d

P(| Anll > M) =P(||4,]? > M?) < T’; = .

Now, letting M — oo, we get A,, = Op(1). From Step 3,

1"Ps1=1"Pggl = A,B,'A}.
Using the operator norm bound,
1T Psl = A B AL < | AulP[1 B op-
From Step 6, B,,* = Op(1), and from Step 7, A, = Op(1). Thus, we have that
AP 1B:  lop = Op(1)Op(1) = Op(1).
Therefore, 17 Ps1 = Op(1). This proves the result. O
Lemma C.4 (Trace bound for a fixed-rank projection). Suppose the conditions of Lemma C.3 hold. Let
Ps. =E*S*(STE*TE*$*) 15" TE*T,

be the projection onto Col(E*S*) for an error matriz E* and S* has a fized number of columns, and let F*
be centered with bounded second moments and independent of E*. Then,

Hﬁ*TPS*ﬁ*

= 0,(1).

op

Proof. Using the same whitening argument as in Lemma C.3, write
Ps. =EETE)'ET,

where the rows &; of E are mean zero with covariance I;. Define C,, = (F*TE)/\/n and B, = (ETE)/n.
Then, we have B B
F*"Ps.F*=C,B,'C/.

We first show that ||C), ||z = Op(1). For each entry, we have
I &
L3 R
vn i=1

Since F* is centered and independent of E, E( :"}é}k) = 0. Also, using independence across i,

Var{(Cp) r} = — ZE{ ) Zk}
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where E(e%,) = 1 by Lemma C.3. Hence (C,);r = O,(1). Since both dimensions are fixed, ||Cy||r = O,(1).
By Lemma C.3, || B, |op = Op(1). Therefore,

tr (]sN“*TPS*ﬁ*) =tr (C,B,'C,)

<N CallZ By Hlop
= 0,(1).

Since F*T Pg.F* is positive semidefinite, we get

Hf‘*TPS*f‘*

< tr (f*TPS*f‘*) =0,(1).

op
]

Lemmas C.3 and C.4 will be used to control the projection terms in the bias bounds below. We next establish
the change of basis result needed for the main proof.

A lemma for the bias terms.

Lemma C.5 (Change of basis for the bias terms). Let Z be defined as in Equation A.1. Suppose Assump-
tions 3.1-3.2 and 5.1-5.2 hold. Then, conditional on the training fold,

(1575 -
H] (—272) H

z

= 0,(1).

op

Proof. Recall M = ZTZ, with all matrices restricted to treated rows.

1
Step 1: Change of basis.

Since H; is full column rank, write H; = UR, where U € RU+P+0x(1+0+0) hag orthonormal columns and R
is invertible. By Proposition 5.1, ¥min (R) > ¢, and ||R||op < C. Now, we extend U to a full orthonormal basis

of R1*P+4 ysing a matrix S € RUHPHDX(P=P+0=9) whose columns are orthonormal to U, so that J = [U 5]
is square and orthogonal. Thus, STH, = STUR = 0.

Since J is orthogonal, J=! = J" and (JTMJ)" 1 =J"M~1J,so M~ = J(JTMJ)"1JT. Also,
J'H; =J'UR

Uu'u
()
I
“(o)
(R
={9):
Similarly, we have that H{ J = (RT 0).

Step 2: Matrix J ' MJ.
We write M = H12FHI +H.B + BTHI + C, where

1 1 1
Yr=—F|F,, B=—-F/E,, C=—EJE,.
¢ ¢ ¢

Now, using H; = UR and the orthogonality of STU = 0, we get that
RYpR'+RBU+U'B'R" +U'CU
——

RBS+U'CS
D :Kll %/_/

JTMJ=| =K
STB'RT +STcU sTcs

——

=Ko =Koz
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Step 3: Schur complement and F,.
By the block matrix inversion formula, the (1, 1) block of (JT M.J)~! is the inverse of the Schur complement

D+ Ky — K19K5y' Koy = D+ E,,.

=E,

Now, substituting the explicit expressions for B and C, the cross term K12K521K21 simplifies as follows.
First, factor as

1
Ky = ;(RFI +UTE])E,S,
t

1
Ko = —S"Eg (FiR" + EoU),
t
1
Koy = —STEJ EoS.
uz
Therefore, we will get

K19K5' Koy = —(RF] + UTE] )EoS(STEJEoS) 'STE] (F1R" + EoU)

1
Ny

(RF{ + U EJ)Ps(FiR" + EgU),

1
ng
where Ps = EgS(STE] EqS)"1STE] is the orthogonal projection onto the column space of EoS. Thus,
1 1 1
E, =Ky — K12K3' Koy = —RF|EoU + —U'E{F1R" + —U'EJEU
Tt Tt Tt

1
— ;(RFI +UTE])Ps(F1R" + EyU).
t

To simplify, we observe that the first three terms can be written as

1 1
n—(RFlT +UTE])(FiR" + EgU) — n—RFlTFlRT,
t t
so that
1 1
E, = E(RFI +UTE])(I — Ps)(F1R" + EoU) — n—tRFlTFlRT.
Now, expanding (I — Pg) and collecting terms by whether they involve Ps or not, this becomes
1 1
E, = ——RF] PsF1R" + —RF] (I — Ps)E U
Ty ¢
1 1
+ n—UTEg(I — Ps)F1R" + n—UTEOT(I — Ps)EgU. (C.7)
t t
Step 4: Invertibility of D + FE,,.
We show that Apin (D + E,,) is bounded away from zero with probability tending to one. Thus, we apply

Weyl’s inequality
)\min(D + En) Z )\min(D) - ”En”

The argument shows that D has smallest eigenvalue bounded away from zero, while || E,|| = op(1).

Lower bound on Amin(D). Since D = iRFIFlRT,

1
Amin(l)) Z Vglin(R) Amin (RFIFI) .
t
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The treated-unit factor Gram matrix concentrates around the conditional second-moment matrix ; =
E[fl,ifl—)ri | A; = 1], which is positive definite by Assumption 3.1, so )\min(n%FIFl) > ¢ > 0 with probability
tending to one. With vpyn(R) > cg > 0 by construction, so

Amin(D) > ¢+ c% >0
with probability tending to one.

Upper bound on || Ey||. From the expansion (C.7), the triangle inequality gives

1
Il < |- RFT PeFRT
t

§

1
n—RFlT(I— PS)EOUH
t

T T>

1
+‘ + HnUTEJ(I— PS)EOUH.
t

1
n—UTEOT(I — Ps)F1R'
t

T3 T4
We bound each term in turn.

Bound on 73. Since R has bounded operator norm,

Ty <||R|]?

1
—F] PsF,
N

Write F1 = 1/1; + I<~“1, where 1<~“1 is the centred part. Then
F| PsFy = gl Pslpg + ppl! PsFy + F| Pslpg + F] PsFy,
so by the triangle inequality,

1 1 1 1. 1 ey =
HFIPSF1 < = ||pel T Pelpg | + — HuFlTpsFlH T HFIPSm;H T HFlTPSFlH .
Ny Ny ng ng Tt

Ay Aa Az Ay

For Aj, by Lemma C.3, 17 Ps1 = O,(1). Therefore,

Ay

1
oy e Pslpg |,

1
—||lppll31" Psl
ng

_ o (leel3
o, ().

For A;, the only random quantity that needs to be controlled is the projection term 1T Pg1. By Lemma C.3,
we have
1" Ps1 = 0,(1).

Therefore,

1
A= - ||pet " Psipg |,

1
—|lprll3 1" Ps1
Ny
lluel3
=0 .
(1

o8




Thus, the contribution of the mean part is of order ||ur||2/n:.
For Ay, we need to control the mixed term 1T PsF;. Since Pg is an orthogonal projection, it is symmetric
and satisfies Pg = Pg. Hence, we have

~ |2 ~ 2
[17psE ], = s ns
< || Ps1]3) PsFi 2,

The first factor satisfies
|Ps1[5 = 1T Ps1 = O,(1)

by Lemma C.3. For the second factor, we have
1PE 2, = | (PsE) T (PSE)|
- HﬁIPSE

= Op(1)7

op

where the last equality follows from Lemma C.4. Combining the two bounds gives HlTPSf‘lH = O,(1).
2
Therefore,

1 -
Ay = — HMFlTPSF1
ny

op

IN

1 ~
— || |l2 HlTPSF1H
Nt 2

_ | 127 ||2
o (L)

Thus, the mixed term is also of order n; ', up to the factor ||ur|2.
The term Ajs is the transpose of the term in As. Since taking the transpose does not change the operator
norm, so we have

1 ~
Ay = — HFIPSM,_I
ny

op

1 ~
= — |17 RSy
N

-~ [ 127 ||2
o (L)

Lastly, for A4, both sides of the projection contain the centered factor matrix. Lemma C.4 gives directly that

op

Hﬁfpsﬁluop = 0,(1).

Therefore, we have

Finally, combining the four terms, we obtain

1
—F[ PoFa|| < Ayt As+ A3 + Ay
t

1 2
_o, ( + llprllz + ||MF||2> .

Ny

op
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Since ||R|jop < C, it follows that

L+ w2 + w3
Ty '

T, =0, ( (C.8)

Bound on 7T, and T3. Since ||U| =1, |R|| = O(1), and using ||I — Ps|| < 1,

1
T, < |R| HWFIEO

1
HUlg‘hHFIEO

LFIEOH = 0,{(pAq)~"/?}, and the (1/n;)-scaled quantity above is smaller by one
op

op nt(p /\ q) ’

—1/2
1
Ty - 0, () | ©9)

further factor of n, '~
Viulp A q)

In particular, T5,T5 = 0,(1) once ng, p A ¢ — oo separately, with no relative growth rate between n; and pAgq

required.
1
-0 (57)
PAg

Bound on Ty. Using |U]| =1 and || — Ps| <1,
where the last equality follows from Lemma C.2. Hence,

1

1
T

ﬁFIEO

1
HFIEO
Nt

SO

1
T, < HEOTE0
g

1

T, =0 () C.10
(57 (©10)

Combining the bounds. Now, collecting (C.8)-(C.10),

1+ + 5 1 1
1] = O, leell2 + lurlls N . (1)
g ni(pAgq) PANQ

Each term vanishes once n; — oo and p A ¢ — o0, so ||E,| = 0p(1) under the growth conditions of the

theorem, with no relative rate between n; and p A ¢ required. Weyl’s inequality then gives

> cck —op(1)

2
CCh

> —">0
Z 5 >
with probability tending to one, and therefore

1D+ Ep)Hlop = Op(1). (C.12)

In conclusion, the change of basis gives M~ = J(J'MJ)™'J" and H] J = (RT 0), and the (1,1) block
of (JTMJ)~! is the inverse Schur complement (D + E,,)~!. Putting these together,

H/ M'H, =H] J(J"MJ)"'JTH,
=(R" 0)(J"TMI)! (133)

=R"(D+E,) 'R
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Since |[Rllop = O(1) and [[(D + ) [lop = O,(1) by (C.12),
< [RIZ, (D + Eu) " lop = O,(1),

op —

ERvS

which is what the lemma claims. The proof also gives two facts we use later, the bound ||(D + E,,) ™! ||op =
O,(1) and the orthogonality e{ S = 0. The second holds because the first column of H; = diag(1, Hx, Hj/)
is eq, so eq lies in Col(Hy) = Col(U), and the columns of S are orthogonal to that space by construction. [

The proof also gives ||(D + E,) " !|lop = Op(1) and e{ S = 0, which will be used in the bias bounds below.

Consistency and linear expansion of 4

We next establish the linear expansion of the first-stage mediator coefficient 4;. The quantity H},4; enters
the second-stage bridge regression, so we need both its convergence rate and its leading term.

For this lemma and its proof, every sum over i runs over the treated units {i : A; = 1}, the matrices
Z, F1, Eg, €1 collect treated rows only, and M = %ZTZ The treated regression is by the conditional second-

moment matrix Q; = E[fufl—; | A; = 1], positive definite by Assumption 3.1(ii).
Lemma C.6. Suppose Assumptions 3.1-3.2 and 5.1-5.2 hold. Then,
. 11 _
HiA - =P — > fuaitr, Il =op(n ).
n A =1

Proof. We want to show that
Vi (Hy A — 7)) = 0,(1),
and identify the leading linear term. Let S; be the projected mediator selector and Pz be the true mediator

selector defined in the notation section, so that H],S; = P;H] . From the least-squares expression for 41 on
the treated units, we have

-1
1 4 1 4
H% =H,,S; (sz) —7'Y.
T Nt
Now, using the outcome model Y = Zd + €; on the treated units, we get that

-1
1 A+~ 1 -
HL’AYI = HLS;j (nZTZ> fZT(Z(S +e1)
¢

Tt

1o\ ' 1o oa .
=H,,S; (ZTZ) —Z{Z5+(Z - 7)5 + &1}
Ty Mg

1o\ 14 . 1o\ 14
=H,,S;0 +H},S; (ntsz> n—tZT(Z —~Z)s +H,,S; (mZTZ) EzTel
1 19 1 19
= H,S:(—Z"2) —2"(Z-Z)5+H,S;|—2"2) —Z"e.
71+ Hy q(nt ) " ( )0+ Hjy,S; " " €1
Therefore, we have
Vi iy h =) (C.13)
1 - 1 -1
=-H!S:(—-2"2) ——Z'E+H,S:|—2"2) —Z'
M q(”t > N S| e
1.-\""' 1 1.-\""' 1
_ pH (1777 _1H LF*E& puT (L1272 T El Ey
gt ny 1 T 1 +0 qtt1 Ny \/7715 0 ~0
v H] (L1777 _1H Lrla+pH] (L7272 o E]
q — q — €
gty g 1\/717 1 €61 gty g \/TTt o €1
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—1 —1
= - P;H/ (nltsz> Hl\/%FTEOcS P;H/ (;tz z> \/%EJEMS
=Ji =J2
+ P H/ <1ZTZ> 1HliFIeﬁPquT (1ZTZ> 1 LEJQ .
nt N Yo Ve
=J3 =J4

Then, the decomposition can be written as

i (HL’% — 71) =—-J1—Jo+ J3+ J4.
Write M = 1 77 7. Since P; is only a selector matrix, it has bounded operator norm. Hence multiplying by
P; does not change the order of the bounds. We also use ||| = O,(1).

Term J;. We have )
Jy = PqHIM*HIﬁFIEO&
By Lemma C.5, |[H] M~ H;||op = O,(1), so
F/ Eqd| .

1] < 1Pgllop | M~ Hy [lop F| Eof

1
e o |

By Lemma C.2(ii) and ||0]] = O,(1),

F|Eyd| < F|E,

B R O
A =0{(piq)/}

Thus J; = 0p(1) as soon as p A ¢ — o0, exactly as for the structurally identical treated- and control-side
terms in Section C.2, with no relative rate between n; and p A ¢ required.

=

SO

Term J5.
.
Eqd.

Jo=P;HI M~

This term differs from J; because there is no H; on the right of M~!. After the change of basis the left
S-block disappears, but the right side keeps an S-part, so we use the block-inverse identity directly. As
in Lemma C.5, write Hy = UR with UTU = I and complete U to an orthogonal J = [U S], so that
H{J=(R" 0)and M~ = J(JTMJ)"1JT. Thus, we have

Jo=PH| J(J " MJ)"'JT ngan

Tan

=P;(R" 0)(JTMJ)TT

The left side is now simple because of the zero block. However, the vector on the right is not of the form
H,a for some vector a. So when we multiply it by J ', it has both a U-part and an S-part

1
1
T T N Vo 0

Now we use the first row of the block inverse of J ' M.J. From the block inverse formula, the first block row
of (JTMJ)~!

(D+E,)™t —(D+E,) 'KipKy').
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-
Therefore, using H{ J = (RT 0) and J' = <gT>’ we have
H/ M ' =RT(D+E,) ' (U - Ki2K3'ST)

1 1 1 !
=R'(D+E,) Y UT - {nRFlTEOS + nUTEJEOS} {nSTEJEOS} ST,
t t t

with ||[(D + E,) ! Jop = Op(1) by Lemma C.5. Now, applying this identity to (1//n;)Ej E¢d, we get Recall
that Ps = EgS(STEJ E¢S) !STE(] . Then,

[ 1 1 1 1 -1
Jo=P;RT(D+E,) ' |—U"EJE — | —RFE¢S+ —U EJE;S ) ([ —S"EJE¢S| —S"EjJE(
A/ Tt ¢ Tt Tt A/ Tt

[ 1 1

=P,R"(D+E,)"! \/—TTUTE(TE()& - = (RF{ + UTE]) PsEos
i t

[ 1 1

=P,R"(D+E,)™! ﬁUTEJ(I — Pg)Egd — \/—HTRFIPSE()(S .

The outside factor is bounded because |Pg|| = 1, || R|lop = O(1), and ||[(D + E,) " Yop = Op(1). Thus it is
enough to bound the two terms inside the square bracket.

For the first term, using ||Ul|op = 1 and ||I — Ps|lop < 1, we get that

H UTE (1 - Ps)Bod| < =B (I~ Ps)Bolloldl < v | -LETEo| ]|

S

Since H"%EJEOH =0, (pAq) from Lemma C.2 the first term is O, (
op
use the simple bound || Ps|lop < 1. Then

op

g ||5H) . For the second term, we

1
— Pslop | Eod]l.
Vo [1Pslop [Eod|

Here ||R|lop = O(1), || Psllop < 1, and |[(1/y/ne)FY |lop = Op(1) because (1/n;)F{ F; has bounded largest
eigenvalue using Assumption 3.1. Also,
1/
|5|| 0, (/2 1a1).

Therefore, the second term is O, ( I ) Now, combining the two pieces inside the bracket and using the

1
H ﬁRFIPSan F/

‘ < IR

IEodll < IEq Eolley?[18]l =

1
—EJE
N

PAq
2l = 0, (47 4 ).
PAQ PAgq

Thus J; = 0,(1) under the growth condition pAg¢ > n, of Assumption 5.2, and, unlike J; above, Jo genuinely
needs this stronger relative growth rate; the dominant rate y/n:/(p A q) does not vanish unless n¢/(pAgq) — 0.

bounded outside factor, we get

Term Js. Double check both terms from here before arxiv We have

_ 1
Js=P;H M'H;—F/ ¢,.

N

Again this is a two-sided term, so we use ||[H{ M~'H; ||Op = Op(1). Thus,

[J5]] < Op(1) F1T€1

63



It remains to bound the last factor. By the treated-arm exogeneity and mean zero condition E(e; ;) =
E(e1ilfx.i, fari, Ai = 1) = 0 of Assumption 3.1(ii), we have E(e1) = 0, so
1
FIEl

E(ﬁ m) o,

Also, using the bounded conditional variance of Assumption 5.1,
Lot T L o7
Fl €1 F1 = tr fFl E(Elﬁl )F1 S Ctr fFl F1 .
nt nt

The last term is O,(1) by the bounded factor second moments of Assumption 3.1. Chebyshev’s inequality
then gives ||\/%F1Tel|| = 0p(1), so J3 = O,(1). This is the signal term. To get its linear form, note that
H{M~'H, = RT(D + E,) 'R from Lemma C.5, where D = RYgR' with Yp = n%FirFl —p 1 and
|Enll = 0p(1). Hence, we have

H/ M 'H,=R"(D+E,) 'R
2 RT(RURT)IR
=

Therefore, we get

1 1
Js = anl—lTFIel + P (H{ M'H, - Qfl)\/—nTFIel
=P,O7 — Z f1 €1, 4 0,(1),
z A;=1

since the first factor of the second term is 0,(1) in operator norm and the second factor is O, (1).
Term J,.

1
Ji=PH/ M —E]¢.

S

As with Jo, this is a one-sided term because there is no Hy on the right. So, the block-inverse identity gives

1 1 1
HlTJ\rl\/—nTEge1 =R (D+E,)™" ﬁUTEJ(I — Pg)ey — ﬁRFIPSq :

For the first term, conditional on Eg, the matrix Pg is fixed. Also, by the independence and moment
conditions on €, we have E(e; | Eg) = 0 and E(e1e] | Eg) < CI. Therefore, we have

2

UTEJ (I — Ps)ei|| |Eo

2|l
nittr {UTE{ (I — Ps)E(ere; | Eo)(I — Ps)EoU}

2

IN

ngtr{UTEOT(I — Ps)EoU}
t

o (UTEEoU).

N

IN

Since U has a fixed number of orthonormal columns, so

1 1
—tr (UTEJEoU) < C HHEJEO
t

ng
1
:O _—
p(ﬁM)
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by Lemma C.2(i). Hence, we have

U'E] (I — Ps)e

Hw Q“Mﬁﬂ)

For the second term \/%RFIPSQ, we again write F; = 1,ui'; + f‘l. The mean part is \/%RMFlTPSq. Since

Pyg is a function of Eg, and the treated-arm exogeneity of Assumption 5.1(ii) gives E(e1; | f1,;, Eo, 4; =1) =0,
we have E(e; | Ps) = 0, hence E(17 Pse; | Ps) = 0, and

E[(1"Pse)? | Ps] = 17 PsE(eref | Ps)Psl
<01' P21
=(C1"Ps1
By Lemma C.3, 1T Ps1 = O,(1). Therefore, we have 1T Pse; = O,(1), and so

1
HR,uFl Pse|| =0, (n)
VIt

For the centered part, conditional on F1 and Eq,
2

U‘ RF1 Psel ﬁl,Eo

C e~
< Ztr (FITPSFl) .
2 Nt
By Lemma C.4, we have
HFlTPsFlH = 0,(1).
op

Since the factor dimension is fixed, its trace is also Op(1). Hence,

1
—RF P, =0, —]).
H 5 2 p(vnt>

Therefore, we have
1 1
al=o, (A=) + } |
=0 () +
Hence Jy = 0,(1) if p A ¢ = 00 and n; — co. Thus, we have
Ji=0p(1), Jo=o0,(1), J3=0p(1), Js=o0,(1).
Now, combining, we obtain
\/TTt(HAT/[’AYl*’Yl):Pqu Z 161+ 0p(1) = Op(1).
z A;=1

Now, dividing by /n; gives the stated linear expansion with 7, = o,(n, 1 2)

. —1/2
H %1 — 7 = Op(ny Y ),

which proves the lemma. O

, and in particular

C.2 Proof of Theorem 5.2

Before proceeding with the proof, we first note how the estimation error in 4; enters the expansion. From
the treated regression expansion above, H M% is \/ng-consistent for ;. Since 47 is the coefficient on the
projected mediator factors, it is a g-dimensional vector while 7, is recovered through H| - We write

N —-1/2
Ay = HL’Yl =7 = Op(ny / )

When 47 is plugged into the second-stage bridge regression, the corresponding term in the intercept is A;r’n(SO.

Since ny is of the same order as n, /n A, 8o = O,(1), so the term remains in the first-order expansion. We

keep it below as L7.

v,n
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Proof. We begin with the estimator and the target. Recall that o = 1 + v/ 6o and Oy = oy + 7 do. Since
the second-stage response depends on the first-stage estimator 41, we separate the bridge estimation error
from the error due to estimating ;. For one regression fold, &; and 4 are estimated using the treated units,

—

while v{ dy is estimated using the control units. The whitening matrices are estimated on the other fold and
are therefore fixed conditional on the training fold. We write n; and n. for the treated and control sample
sizes in the regression fold. Since n, n. < n, the ratios n/n; and n/n. are bounded in probability.

Since 47 is the coefficient on the projected mediator factors, the population bridge intercept conditional
on 4y is 7o(%1) = A1 Hasdg. Also,

Ay Hardo — v{ 80 = &g (HiA — ).

Therefore,
Vn(by — 00) = V/n(ay + M) — vnlag + 7 do)
=V/n(&1 — 1) +/n(fo — ’Y1T50)
= /n(é1 — o) + v — 4 Hardo) + (5 Hardo — v do)
= V(&1 — 1) + vn(fo — 41 Hudo) + vndg (HyH — ). (C.14)

We consider the three terms in (C.14) separately. The first term is expanded over the treated units on the
/n¢ scale. From the expansion below,

Vne(6n —ar) = —G1 — Ga+ Gs + Gy,
and therefore

Vn(ar — ar) :,/%(7G17G2+G3+G4).
t

The second term is expanded over the control units on the \/n. scale into the terms L1, ..., Lg.
For the third term, Lemma C.6 gives

Vi A — ) = = — o+ I3 + Ja
Hence, we have

~ n
VA (B =) =\ [ 6 (< = Bt )
t

Since Jy, J2, Js = 0,(1) and \/n/n; = O,(1), their contributions are of order o,(1). Therefore, we get that

~ n
Vndg (Hy A — ) = Vo 39 J3 + op(1).

We denote this term by L7.

Part 1: Linear Expansions.

The goal is to write \/n(&; — ay) and /n(y{ do — 71 ) each as a sum of explicitly named terms. The bias
terms will later be shown negligible, while the signal terms will remain in the first-order expansion.

Ezpansion of & .
Under A = 1, the outcome model in (2.1) can be written as Y = ZJ+¢€;. Recall that é; is the first coordinate
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of the least-squares coefficient from regressing Y on 7 using the treated units. Let e; = (1,0,...,0)". Then,

by =ey (2'2)7'27Y
1o\ 1,
= (ZT > —7'Y
Tt ¢
1.1\ 1,
=e] (ZT > —Z(Z5 + )
Uz Uz
Lo\ 1 ar s .
=e (zT ) —Z(Z5+ 25— 76+ 1)
g g
Lo\ 1 sra 1or:\ 11, . Lors\ T 1,
=e; (ZT > —ZZ5 +ef <ZTZ) —Z7Z(Z—7)6+e] (sz> A
i I ng N ny n¢
The first term is e{ § = a;. Therefore, we have that
N S | 1o\ 1,
1 =1+ e, <sz> —Z(Z—2)5 + e (sz) —7Z"¢
T ¢ T T
Recall that Z = Z + Eg, so Z — 7= —E(. Hence, we have
A TlATA_llAT TIATA_llAT
a1 = Qa1 —eq —7'7Z —7Z E05—|—€1 —7'7Z —7Z €.
n Ny ng Uz

Now, taking «; on the left side and multiplying the whole equation by |/n; gives

-1 -1
. 1 4 J 1,
V(a1 —a1) = —eg (sz> ——Z"Eod+ e (sz> —7"¢
\/ Tt Tt

4

(C.15)
1

\/a(ZT +Eq er.

1 RPN
—(ZT + EVEyd + e (sz)
\/717( 0 ) Eo o

Il
|
W)
=
7 N
e
N>
|
N>
N———
L

1

(HiF| +Eq)er
Ny

—1 -1
PPN 1 1 A=~
7'7 ——(H,F +E)Eyd + e <ZTZ>
) \/nT( 1Fy 0 )Eo o

—-1 —1

1 ~+4 1 1 .+~ 1

T T T T T T
=—ef (z z) H —F/Ey—e] (—2"2) ——EJE(d
VTt VTt

=G =G>

—1 -1
1 4ra 1 ,1n 1
+eq (sz) H —F e +ef (mZTZ> —E]¢ .

=G3 =Gy
Thus,
\/7775(541 — Oél) =—-G1— Gy + G35+ Gy

Here, G5 is the signal term, while G1, G2, and G4 are the terms arising from the estimation error Eg. In
Part 2, we show that G1,G2, G4 = 0,(1), while G3 remains. The corresponding +/n expansion follows by

multiplying by +/n/n;, as noted above.

Bridge equation for the second stage. .
Before running the second-stage regression on the control units, we first express the response b = 4, f3; in
terms of the target +; 5o and the remaining error terms. Recall that

Avn=HyA -y, 4 Huy=v +4]

y,n?
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where Lemma C.6 gives A, ,, = Op(nt_l/g)_

Since Lemma C.6 controls HL% — =1 but not the full vector 41, we split 47 into its row-space and
null-space parts. Let Py = Hy (HJ,Hy) ' H], be the projection onto Col(Hj), and write

=Py + U —-Pry)h =, +5,1-
Since H},%1 = 71 + A, n, the row-space part satisfies
A = Har (B Ha) " Hy s
= (H]) (11 +Ay0).

and therefore %TH = (’le + AIH)HL Recall that f'M =H, i + %WAEUM for the second stage, the split of
41, Lemma C.6, and the mediator equation fa; = o + Bofx + uxas,0, we have

b= 4 far

1
=4 (HMfM + qWLuM> [Equation (5.2)]

—
—

. T 1 1

1 1
_ (AT T Tept T ot T
=(n +A),)fu+ (71 H), + A%RHM) ;WMuM + 0O, (m) [Lemma C.0]
1

1 1
_ (T T Tt 1 1
~6F +alt el 0, () von () +ou ()
= (v +A],)fu+0, <1> +0, (1) [Proposition 5.1]

Vi Vi
1 1
= (71T + A:yrn) (00 + Bofx +uxao) + O, (ﬂ) +0, (W)
1 1
=7 0o+ A .00+ 71 Bofx + 7] uxaro + A) ,Bofx + A ,uxao+ O, (\@) + O, <\/7Tt) . (C.16)

The three O, contributions on the right of (C.16) come from the mediator-whitening term, which the split
of 41 in (1) writes exactly as

11 T 1 1 1
'y;rfWLuM = ’YI”*WLUM + ’yL_fWLuM
q q q
. . . (C.17)

By Proposition 5.1, ||H§V[||Op = O(1), while %WLUM =0, (%) . Therefore, the first two terms in (C.17)

have orders ) ) ) )
Tyrt T _ T gt T _
v Hy, =W ,upy =0 (), A H),,—~W,uy =0 ()
1 ]Wq M P \/a v,n Mq M p \/@
It remains to control the null-space contribution &I Lq_le—'\;[u m in (C.17). We do so using the least-squares
representation of the treated regression. Recall that

(@ 1.\ 1, X
b=1|5| = (ZTZ> —7'Y, Z=7Z+E,,
A ny Ty
Y1
where Z = FlHir and Y = Z§ + €;. As in Lemma C.5, write Hy = UR,U'U = I, and complete U to

the orthogonal matrix J = [U S]. Since Hy = diag(1, Hx,Hjs), the null-space completion can be chosen
blockwise as

0 0
S=[Sx 0 |,
0 Su
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where Col(Sx) = ker(Hy ), Col(Sys) = ker(H},), and the columns of Sx and Sj; are orthonormal. Let dx =
p—p,dy =G —q,d=dx +dy. Since STH; = 0 and also H; has full column rank, (H];)—r =H,(H/H;)" L
Therefore,

§=HDHTA=H,(H H;) 'A € Col(H;).
Also, H; = UR and S'U = 0. Hence, we have the ST¢6 = STHy(H{ H;)"!A = 0. Since J = [U S] is
orthogonal. Hence, we have JJT = I, and therefore every vector 5 can be decomposed as

. . UTs
_ g TR 0
§=JJT6=[U S}(ST(S).

Now, we write the coefficient in the .J-coordinates as

-0 (&)

Here, we are defining that a = UTg, k= ST3, so we have the exact decomposition 6 = Ua + Sk. The first
term Ua lies in Col(U) = Col(H;), while S& lies in its orthogonal complement. Since H; = diag(1, Hx, Hy/),
the matrix S can be chosen blockwise as

0 0
s=[sx o |,
0 Sw

Therefore,

0 0 ) 0
Si=1Sy 0 (*‘X) — | Sxix
0 S}y[ M SM’%M

Thus, the mediator component of the null-space part is therefore 41, | = Sarkar. We next look at the design
matrix. To study the coefficient &, we also write the treated regression in the same J-coordinates. Since

o).
25— 7 (F) — [z 2] (K> .

Since we want to control the null-space coefficient &, and hence 4;, |, we need to understand the behavior

the fitted value can be written as

of these two blocks in the joint least-squares regression. Since Z =7 + Eq and we have Z = FH/, we
have ZS = ZS + E(S. but ZS = F1HTS = 0, Therefore,ZS = EyS. Here, the S-direction contain only the
projected proxy errors. To see the different scales of these columns, recall that

1 1
Ex = -UxWy = —UxVy,
XpXX\/]»?XX

since Wx = ,/pVx, and similarly

1 1
Ey = -UyWy = —Uy Vi
MqMM \/aMM

Hence, we have that
1 1
ExSx = —UxVxSx, EumSv=-—=UnVuSu.
D V4

7

Therefore, a row of ExSx has scale pil/ 2 and a row of Ey; Sy, has scale ¢~ Their variances are also
be of orders p~! and ¢~!, respectively. The issue here is that corresponding Gram matrix does not have an

1/2
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Op(1) limit without rescaling. We therefore use the same normalization as in Lemma C.3. Conditional on
the training fold, define ¥g = E [%STES—EOS} . Using the block form of S and Eg, we have

ES: p71QX 0
0 g )

Qx = St Vy Sy VxSx, Qs = S5, Var Sy, VarSur.

where

The eigenvalues of Qx and 2, are bounded above and away from zero, so Xg is invertible. We then define
the normalized error matrix Eg = EOSE§1/2. Since

w-1/2 _ Nl 0
s = —1/2 |
0 Vasly

this normalization removes the shrinking p~'/2 and ¢~'/2 scales of the original null-space columns. So, the
normalized columns have order-one variance, and the argument of Lemma C.3 gives
%EEES L4 I,. We now use this normalization only as an invertible reparameterization of the same least-
squares problem. Since

ZU = ZU + EoU = F\R" + EoU

and ZS = EyS = Eszg”, we have
2J = [2U, Bs| o
- y TS 0 22/2 .
Thus, we define Z = [ZU7 ES} , the regression on Z is exactly the treated regression of our Algorithm 1,

expressed in rescaled J-coordinates. Let £ = (a7 AT)T, A= 213/2,%. Since ¢ € Col(U), write § = U6, 0 =
UT§. The true coefficient in the normalized coordinates is then & = (7 0])T Define also

(1) B[ m]
Then Z = F1H] + Ey, while Eqéy = EqU# = Eyé. Thus, we have Y = Z3§ + ¢ = Z& — Eo&y + €1.

Before expanding the least-squares estimator here, we first have that the normalized Gram matrix is well
conditioned. Let M = -ZTZ. Its upper-left block is

1 4 - 1 1 1 1
—(ZU)"(ZU) =R (FlTFl) R'4+R—F[E)U+U"—EjF,R" +U" —E| EyU.
N n¢ ng Ny nt
By Lemma C.2,
1 1
—F/E =0 ( )
H NraE RNV Y
SO
1. - 1
—F/E|| =0, ———— | =0,(1).
Hnt | p(vnt(pAq)) :
Also, we have
1 1
—EgEo|| =0, (—— ] =0,(1).
Hnt 0 0Op p(p/\q> op(1)
Therefore, we get that
1

—(2U)"(2U) = R (jFIE) RT +0,(1)

2y ROLRT.
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For the lower-right block, Lemma C.3 gives %EEES = I4 + 0p(1). For the off-diagonal block,

1 5 ~ 1 1= 1 =

—(ZU)"Es = R—F|Es+U" —E]Es.

T T N

The first term is Op(n, 1/ 2) because the normalized error rows are mean zero, have bounded second moments,

and are independent of the true factors. For the second term, if g, denotes the ith row of ES and eg; the

ith row of Eg, then
1

Elesl? =0 (1) Eléssl? =00,

Hence, by Cauchy-Schwarz,

IE (i), =0 (555 ) = o0

and the centered fluctuation is also 0,(1) since the dimension is fixed. Thus %(ZU)TES = 0p(1). Now,
combining the three blocks, '

— »_ (RURT 0
M — ( 0 1)
The limiting matrix is positive definite, since €); is positive definite and R is nonsingular. Therefore,
1M lop = Op(1). (C.18)
We can now expand the null-space coefficient in the same way as the terms Ji, ..., Js. Recall that

7 — [ZU, ES} - [FlRT + EU, ES} :

and M = %ZTZ. Since E¢S = ESE}S/ 2, the coefficient corresponding to the normalized null-space design

ES is Eé/ %k Therefore, the least-squares estimator in the normalized coordinates satisfies

a 1
=M 'tT=Z"Y.
(215/%;) g

Since § € Col(U), 6 = UUT4§. Thus, we have that

— T ~ A
Z (UO 5) —FUUTS = 25 = 76 + Eyo.

Since Y = Z6 + €1, we can write

_ T
YZZ(UOCS) —E05+€1.

Now, substituting this into the least-squares expression gives

(d— U's

_ 1 - 12
1/2. ) =M1 =—Z"E¢d+ M ' —ZT¢.
Y4k g g

Using from earlier, Z = {FlR—r + EoU, ES] , we have

5TE 5 (RFIan +UTE] E05>
00 = )

ELlE(§
and
7T <RFIq +UTE] q>
€1 = .

Egﬁl
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Let Py = (de(1+ﬁ+q) Id) select the last d coordinates. Taking the null-space coordinates and multiply-
ing by /ng gives

—_ (R-=F[E _ LUTEJEoS
\/725 H—_PdM_1< \/ﬁol 0>_PdM—1 (\/7t1 _ 0 -0

Ve
K, Ko
B R-LFT¢ _ 1n UTE! ¢
P (VR ) epar (VT (C.19)
0 \/TﬁESQ
Ks K,

We now bound these four terms.

Term K;. Using ||[M 1o, = O,(1), the bounded operator norm of R, and Lemma C.2,

1
1K < 0,(1) HF1TE05

FTEO Héll

0| 7

o, (\/;TJ — 0,(1).

Term K>,. The first block of Ko satisfies

—UTEO Eod

Vi E0 Eo

(f;)
= 0p(1).

For the second block of K5, instead of treating the product abstractly, we expand the normalized null-space
error directly. By definition,

1511

op

Es = EoS55'%, Ef =%3"STE].

Therefore, we get that

1 1

EJ{ES = \/77251/2STEJE05.

Ve
Recall that
0 0 —1/2
Eo=(0 EL E) ., S=[sx 0], »5"°= (\/mx 0_1/2>.
0 Swu 0 VSl

Also,
Eod = Ex(HY)" 1 + Ear(HY,) "1

Hence, we have

o 2 SLER
L BIEws = | VI
Ny 50 \/anl/QSTET
\/’/Tt M M~M

P - D
JQQX”%;E;EX(H})% + ﬁn;/zs;E;EmeM

\/‘% 0 S ELExHEL) T + \/\CQ V2T ELEy (H )Ty

{EX(HT) 81 + En (H} M) 71}
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We bound these four terms separately. Firstly, we know that

E(EXEx) = %v; Sy Vs

Moreover, by the mutual independence of ux and uys using Assumption 3.1(i), E(ExEy) = 0and E(E},Ex)
0. Since the projected dimensions are fixed and the proxy errors have uniformly bounded fourth moments

and similarly to have

The cross-products satisfy

n
IEXEaslop = O, (,/p;), IE]Bx lop = O, (

Consider first the ELEx term. Splitting it into its mean and centered parts

P
\/\/n;thl/QS;E)T(EX(H})Tﬁl

_ VP

N

\/\/%Op (\/?) = 0,(p™"%),

fo(2)-0(/5)

while the mean part is

Thus, we have that

VP
Now, exactly the same argument gives

q
L0 S B B ()T

Op

P
< |3

For the first cross-product term, we have that

H YL o 2 TB B (8] )

0,(1) 2

Op(a'?).

Similarly, we ahve

V4

Now, combining the four terms gives us

HETEOcS

73

|EXEs - BELEY),, - 0 (L

Nir 0,'/*S% {EXEx — E(EXEx)} (HY) 8 + VP

VP -1/2 TT t\Tg _ I
\/n—tQX SxExEx(Hy) B1 =0, <\/ » +

2 _
S Sl Ex () B = 0,p7 )

o5V )

n
E(E}Ey) = ;th}EUM Vs

|ExEr —EELEY)|,, =0, (m) :

PSIEELEY)HY) A

Since ||Q)_(1 2||Op =0(1), |Sx|lop =1, and ||H llop = Op(1), the centered part is

< 0, Y [EXEw|,

dl

A/ Tt P



Since p A ¢ > ny under Assumption 5.2 ETEO(Y = 0p(1). Therefore, together with the bound for the first

block, Ky = 0,(1).

I r

L FIEl

Term K3. By the same conditional second-moment argument used for Js, T

= Op(1). Therefore,

15| < (| Pallop |74~ lop | Bllop Fle

1
Valz’
= 0,(1).

Term K. Recall that

1 T
_ U EO €1
Ky=P;M™! (V | ET > :
Ve s €l

For the first block, Lemma C.2 gives

H UTEO €1

=0, (\/pqu) = 0,(1).

For the second block, using ES =EqSX¥4 1/2

\/ITTESQ \/%2;1/2STE0 €
Since
s (fQ . 01/2>’ sTES = (355 ).
0 NCIUY: SuEnr
we get that
g (SRR
Vi L0, *S]E] @

Using Ex = (UxVx)/y/p and Eyy = (U V) /4/q, this becomes

1o 0 2SIV ULe
—Eje =
Vit \/%QM1/2SJ-|V—IVJ\-|4—UJM€1

Now using the independence and mean-zero assumptions for the proxy errors and the outcome error,
together with the bounded second moments and the bounded eigenvalues of Q}l and Q&l, we have that

1 _
Hmﬁxl/QS;v;U}q = 0,(1),

and similarly,

H 79_1/2SMVJUM€1

= Op(l)-

V%Egelu =0,(1).

Since [|Qsllop = 1 and |[M~Yop = O,(1), it follows that K4 = O,(1). Now, combining the four terms in
(C.19),

Therefore,

Kl = Op(l), Kg = Op(l)a Kg =0 (1), K4 = Op(l)

1/2A

Sk = 0p(n; ).

= Op(1), or equivalently,
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Finally,
/2 _ p_l/gﬂi(/2 0
s = 0 q,1/2 Q}\QQ .

Therefore, for the mediator null-space block, we have

|23 | = 0y ).

Since the eigenvalues of ), are bounded above and away from zero, ||Au| = O, (\/q/ nt) . Finally, since
1,1 = Sumkam and Sy has orthonormal columns, ||41,1 || = O, (\/q/nt) . Finally, because Sj; has orthonor-

mal columns,

. N q
Iin.cll = ISarall = 0y (/2. (C.20)

T

Let G; denote the sigma-field generated by the training fold and the treated observations used in the first-
stage regression. When we condition on G, 41,1 and W, are fixed, while the control proxy errors {uys; :
A; = 0} are independent, mean zero, and independent of the treated sample. For a control observation define

hi =4 L g W Using [Suy, [lop < C and W, Wiy = gl;, we obtain

1, R
Var (h; | G) = ?y[ AW S, Wardn o

C R
< S IWard LI
q

C

= — |13,
q

o, (1) 7 (C.21)

ng

where the last equality follows from (C.20). Therefore, using the bounded second moments of the fixed-
dimensional control factors and the independence of fx ; from ups,

2

1
E fx1,:hi|| |G| <C Var(h; | Gi)
‘ Ve i:Az;o
_o,(~ (C.22)
BACWE .
Hence, we have
1 1 1
fx1.:4) | -W iy =0 ()—0 1). C.23
\/TTCi:;:O X1, ’71,Lq MUM, P NG p( ) ( )

The same conclusion holds for the contraction with the control covariate projection error. Since
1 1
ex;=-Wxiuyx,, Elex;/*=0 () ;
p p

and ux ; is independent of uys,; by Assumption 3.1, the summands ey ;h; are mean zero across the control
units. Moreover, conditional on Gy,

E [llex,hill* | G¢] = Ellex|I*E [k | G:]

o()o:)

75



Therefore,

1 | 1
\/?E)T(o (71T,¢qW1T4UM> =0y ( Tmt) = op(1). (C.29)

Thus, although the coefficient in the mediator null space can have norm of order +/q/n, it is multiplied
in the second stage by a mediator projection error whose variance is of order ¢~!. The two orders cancel:
%H%, 1> = O, (1/n:). Hence the null-space component contributes only O,(n, 1 %) under the normalized
contractions that enter the second-stage regression. Since, combining this with the two row-space pieces in
(C.17), namely %THR[%WLuM =0, (1/,/9) and AIVnH}L\/I%WAT/[uM =0, (

whitening contribution has order

ﬁ) , the complete mediator-

o8 A N A W
- = _— = 0
P\Va  vma PA\va o v b
under the normalized contractions used in the second-stage regression.

Expansion of v{ do.

With the bridge equation in hand, the expansion proceeds as it did for &;. Before running the regression, we
remove from R,, the one piece that is linear in the regressor. The rotation slope term AlnBonf x,i equals
¢"R; with é = (0, (HL)TBJ A,.,)7, a coefficient constant across the control units whose intercept slot is
zero. Here, the least squares reproduces a term of the form Ré exactly, so its contribution to the extracted
intercept is e] ¢ = 0, and it is fit entirely by the discarded slope. The error term —AI’HBOH}%W;uX,

of order n, Y 2p‘l/ 2 is not linear in fy and stays in the remainder. We write R,, for the remainder after

removing the regressor-shaped term, its ith entry is now (R,); = AIJLUXM,O,@ +7y,i, containing only the two
noise-type parts, since the rotation slope part has been fit exactly by the slope and contributes nothing to
the intercept.

We also record the constant-shift. Since b contains the constant A;r’néo -1,,, and 1,,_ is the first column

of R, this shift is absorbed entirely into the fitted intercept through RT 1, = RTRe;.
We estimate 7, dp by regressing b on R. over the control units, using the decomposition (C.16),

o =e; (RTR)'RTD
—1
1o 1.
= (RT ) —R"b
Ne Ne
1 ~ra 1 5T T
=e¢ | —R —R' (Ro+A] 600 1n, +n+Ry)
Ne Ne ’
(1 aTs 1 5T (B B T
—ef (—R ~R (R¢+R¢—R¢+A%n50~1nc+n+7€n)
T\ I
= e (RT ) —RTR¢ + T(RTR> —RT(R-R)¢
Ne Ne Ne Ne
1o\ "1 N\
+eq (RTR> R (A7, 1nL)+e1T< RTR> —R'n
7/LC nC C nC
(1574 1 5T
+e] [—R™R] —R'R,
Ne Ne

The first term is ¢; = 7 &, since ( ]?A{Tf{)_ln%RTR = I. The third term simplifies exactly, using

1
ne
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Tara\ ' 1,
e1 <RTR) —R" (A] 60 1n,)

Ne Ne
-1
1 o1 1 sra
= A0 €5 (RTR> —R'Rey
’ Ne Ne
_A:)l/:néoa

so a constant added to every response of a regression with an intercept column is absorbed entirely and
exactly into the fitted intercept. Hence

- T\ 11 .
V{80 =71 S0 + A .00 + €1 (nRTR) —RT(R-R)¢

v, e

s e N

T\ "'1. T\ "' 1.
ey (RTR) —R ' +ef (RTR) —R™R,
Ne

-1
1 - ~ 1 -
=700+ A 00— ey (RTR) — R"Ex¢
C

(6]

—1 -1
1 ~xn 1 1 o4 1 -
+ef (nRTR) —R ' +e (nRTR> —R"R,,

C nC

where the last equality uses R—R = —Ex from (B.8). Now, substituting RT = RT+E%, = Hx,F %, +E%,
exactly as for &1, and scaling by /n.,

Ve (71T50 - 7?50) (C.25)
-1 -1
= Ne AT (5() — 61— iRTR HXlLF;—(lEX()(;S — CI iRTR ! E;(OEX()QS
V v e Ve Ne Ve
=L =Lo
T 1 - TH - 1 T T 1 TH - 1 T
+€1 nicR R HXlTCFX1T’+el ;CR R TCEXO’I']
=Ls3 =Ly
T 1 - THh - 1 T T 1 TH - 1 T
+€1 ;CR R HXlTCF‘XanJ'_el ;CR R TCEXORTL

—Ls =Lg
We write Ly = /i, AL 80 = \/ne 69 (35 — ),
Ve (1760 =1 80) = Lr = Ly — Ly + Ly + Lu + L + Ls.
The terms Ly, ..., Ly are the analogues of G1,...,G4 under
(Z,Hy,6,e1,F1,Eo,p A q) = (R, Hx1,9,m,Fx1,Exo,p),

the terms L5, Lg come from the remainder R, and L7 is the first-order cost of estimating ;.

Part 2: Asymptotic Negligibility of the Bias Terms.

We prove that the eight terms
G17 G27 G4a L17 L27 L47 L57 L6

are each 0,(1), and that the ninth term obeys L; = §] J3 + 0,(1). Throughout, M = T%ZTZ denotes

the treated Gram matrix and M = %RTR the control Gram matrix, and every operator-norm bound is
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conditional on the training fold, on which the whitening matrices are fixed, so that the rows of Eg, Exo
are independent within each stratum, while Eq, Exq and the projections Pg, Ps themselves remain random.
Since n}, < n{ = ny =< n, every rate written in n}, or n{ is order-equivalent to the corresponding rate in n.
The bias terms fall into two structural patterns. The two-sided terms G and L; carry a loading matrix on
both sides of the Gram inverse, while the one-sided terms Gg, G4, Lo, and L4 carry a loading matrix only on
the left. We record the two block-inverse identities used below.

The two reusable block-inverse identities.
We record in full the two identities from Lemma C.5 that drive every bound below.

(BI-1) Two-sided identity. Since J = [U S] is orthogonal, M~! = J(JTMJ)~*J ", and from JTH; = (Ig’)
and HJ J = (RT 0),

H/ M 'H; = (R" 0)(JTMJ)1<]§>

=R'[(JTMJ)'] R
=R"(D+E,) 'R,

where [(JTMJ)’l]11 = (D + E,)~! is the top-left block of the inverse, equal to the inverse of the Schur
complement D + E,,. With || R||op = O(1) and [[(D + E,) ! |lop = Op(1) from Lemma C.5,

(C.26)

[ M| < RIZ, 1D+ Ea) ™ Hlop = Op(1). (C.27)

op —

(BI-2) One-sided identity. For the one-sided pattern we need the full first block-row of (J T MJ)™t. We
write the partitioned matrix as follows:

K1 Kio

J'MJ=
<K21 K

) , K11 =D + (cross terms),

the standard block-inverse formula gives, for the first block-row,
(M), = ((D+ B ~(D+ B Kk ).
D+ E, =K1 — KoK, Ko.
Therefore, using H] J = (R" 0),

H/ M= (R" 0)(J MJ)'TT
=R (D+E,) (I, —K12K5,")J " (C.28)
=R"(D+E,) '[U" — K12K5,'ST].

Now, substituting the blocks K5 = n%(RFlT +UTEJ)EoS and Koy = %STEJEOS, we get that
-1
H M~ = RT(D+ )7 [UT - (LRFTEeS + LUTEJES) (L5 EJEoS) 7). (C.29)
The two S-dependent factors combine into the projection Pg, so for any conformable vector w,

—1
(nitRFlTEoS + nitUTEOTEOS> (nitsTEOTEOS) L STEJw = = (RF| + U E])Psu, (C.30)

because EgS(STEJ EqS) 'STE] = Ps and the factors of n; cancel. Both identities have exact analogues on
the control side, with (Hx1,U, R, S, M,Fx1,Exq, Ps, D+ E,, n.) in place of (Hy,U, R, S, M,F1,Eq, Ps, D+
ETL7 nt)'

Terms from & (treated units).
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G1=o0,(1). Withv:=

\/% { Eod, we have
Gi=e] ( ZTZ) F] Eod

=€ M 1H1V

H, L

Now, use that M~! = J(JTMJ)"'JT and J H; = (O), and then simply split e] J = (a', b") with
a' =efU and b" =] S:

Gi=(a",b")(J"MJ)™? (I;)v
= [aT[(ITMD Y, + 0T [T M), | Ry
Now use the block-inverse formula for the first block-column, and we obtain [(JTM.J)™!] L =D+ E,)" !
and [(JTMJ)™],, = =K' Ko (D + E,)~". Hence
Gi=a' (D+E,) 'Rv — b"Ky,' Koy (D + E,) "' Rv. (C.31)

The second block vanishes identically. Now, as the first column of H; = diag(1,Hx,H)) is e1, so ey €
Col(H;) = Col(U), and since Col(S) L Col(U) by construction, we get that

b =e/S=0. (C.32)

Thus, we have G; = a' (D + E,,)"'Rv. It remains to bound ||v|. By the sub-multiplicativity of the operator
norm and Lemma C.2(ii), we get that

1= e

< | gErm| 1ol

= Op((p A Q) 1/2) : Op(l)
=0,((pAg)™?),

using | = 0, (1) (Assumption 3.1(ii)). Now, combining with la]| = U7 exl| < llex]| = 1, (D +Ea) " lop =
0,(1), | R|lop = O(1), gives us

(C.33)

G1| < [lall (D + En) ™ Hlop 1Rllop [1V]]
=0,(1)- 0y ((pAg)™"?)
=0,((pAg)™?)
= 0p(1),

which is negligible as p A ¢ — oc.

G2 = 0,(1). By definition, we have

Gy =e;H] M~ LE]Ey.

Ve

Now, apply the one-sided identity (C.29) and then simplify the S-factors via (C.30) with w = Eyd, we get
that

Go=el R (D + E,)"! {#UTE(TEO(S ~ L (RF] + UTEOT)PSEO(S}

Vo
—e]R'(D+ E,)"! [ LUTE (I - Ps)Eob — \/%RFIPSE(,(S}, (C.34)
=:Ga,1 =:Ga2,2
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Here, the outside scalar row e{ R (D + E,,) ! has norm less than ||e1|| || Rllop [|[(D + En) " Hop = Op(1), so it
suffices to bound |Gz 1| and ||G2 ]|
For G 1, from using |U||op = 1, ||[I = Ps|lop < 1, and factoring out /n; will give us
Gatll < == 1Ullop [ B (T — Ps)Eo|, [5]
< % IEg Eollop [13]
L ETE0

il

= V- 0, (545) - 0p(1)
—0 (W) (C.35)

where ||iEJEo||Op = O0,((pAq)~") by Lemma C.2(i) and (iii).
For G2, using || R|lop = O(1), || Psllop < 1, ||\ﬁFT||Op = 0,(1) (as —FTFl has bounded top eigenvalue,
Assumption 3.1(iii)—(iv)), and

IEod|l < |[Eq Eollh? 18]

1/2
BB 1]
= Ve Op((p N a)"1/%) - Oy (1)

=0s(\/3a)

FFL| 1Pl [B0d]

we obtain
[G2,2]| < [|Rlop

=0,(1)- o,,( ny ) (C.36)

o)

Now, adding (C.35) and (C.36) and noting the second rate dominates once pAq — oo (because \/n/(pAq) =
ne/(pAq)- (pAq)~t/?), we get that
pAq)

|G2| = O, (Vﬁ7‘+

PAG

=0n(/3%)

Hence, G2 = 0,(1) as ny/(p A q) — 0.

G4 = 0p(1). By definition, we have

Gi=e H M -LE]e.

Ve
We apply one side identity from Equation (C.29), and fold via Equation (C.30) with w = €1, we obtain

Gi=el RT(D+ B, [ \/%UTEOT(I — Ps)ey — \/%RFIPSQ }

(C.37)
=:G41 =:G4,2

The outside factor is O, (1) as mentioned before.
Bound on G4,;. Since ||U||Op =1, ||[I — Ps|lop < 1, the projection I — Ps cannot increase the Euclidean norm,

so Gu1 1nher1ts the bound on }Eo €1. Therefore by Lemma C.2(iv),

1 T
IGaall < || AET e,

) (C.38)
—Or (m)
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Bound on G4 . First, we decompose F = 1ug + f‘l into mean and centered parts, so we obtain

RF/ Pge; Rupl" Pse; + ——RF] Pgey

1 1 1
Ve B V1 VAL
For the mean part, the treated-arm exogeneity of Assumption 3.1(iv) gives E(e;) = 0, and since Ps is a
function of Eg, we have E(e; | Ps) = E(e;) = 0. Hence, conditional on Pg, 1T Pge; has mean zero and, with
E(ere] | Ps) = CI (Assumption 5.1(ii)), we obtain
E[(17 Pse1)? | Ps| = 1T PsE(ere] | Ps) Psl
<C1'P21
=C1"Ps1
=0,(1)

(C.39)

the last equality by Lemma C.3 and PZ = Ps. Now, using Chebyshev inequality gives that 17 Pser = O,(1).
Since ||R|jop = O(1) and ||prll2 = O(1) (Assumption 3.1(ii)), we have

| Ruet ™ Psea| = IRl liella 117 Pses

1 (C.40)
= 0y(—):
NG
For the centered part, we have conditional on (I‘NH, Ep), €1 is mean zero, and
| e E L s | Fuu
— L (RF1 PsE(ere] | Fl,EO)PSERT)
< SIRIZ, tr (F] PsFy)
= r% ’ Op(l)
1
=0y(—); C.41
P \/7’7,5 ( )
where tr(F] PsF;) = O,(1) by Lemma C.4. Now, we have ||\/%Rﬁ1TPsel|| = (n;l/z) Thus, adding the

two parts, |Gyl = O (nt_l/2) and (C.38) and combining with the O,(1) outside factor, we obtain

1 1
Gil = 0y ==+ ——
P\VpAe Ve
which needs only p A ¢ — oo and ny — oo separately. Therefore, the three treated-side bias terms are

negligible G1, G2, G4 = 0,(1), leaving G5 as the only surviving treated term.

Terms from ~{ 6o (control units).

Before bounding Li, Lo, Ly, we rewrite the control-side versions of the tools used for Gy,G2, G4. Each is
obtained by repeating an earlier under the substitution as

(Fla EOv Sa M7 PS, p/\Q) — (FXla EXO> ga M? ﬁSa p)a

where p replaces p A ¢ because the second-stage regression involves only the X-side error block Ex. Now,
running the proof of Lemma C.5 under this substitution produces the control Schur complement D + E
of JTMJ with leading block D= 1 RF FXlR—r This gives exactly as before, Apnin(D) > ¢+ C§ >0

(Assumption 3.1(iii) on the control part) and the four-piece bound of (C.7) gives us that

= 1+ [l2+]l 13
|Ball = 0 (Mlemaclatlieali | 1y 1),

o (C.42)
1(D + En) ™ Hlop = Op(1).
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The block-inverse identities (C.26)—(C.30) likewise hold verbatim in the substituted notation, and Lemma C.3
applies to 155 unchanged as Ex( carries only the single error block Ex, the rates of Lemma C.2 hold with p
in place of p A g. Finally, the coefficient vector is bounded, ||¢|| = O, (1), since ¢ = (v &, V{ BOH ) collects
7 6o together with a bounded linear combination of 7; and By, all bounded by Assumptlon 3.1(ii), with
Vmin(Hx) bounded below by Proposition 5.1.

L1 = 0,(1). By definition
Li=el M 'Hx, v, v:= \/%TCF}lEXOgb,
is identical in form to Gy. The control two-sided identity gives us exactly as in (C.31)-(C.32),
Li=a (D+E,) 'RV — b"Ky)) Knn(D+E,) 'RV, @ =e;U, b =e]8S.

The second block vanishes because the first column of HXl = dlag(l Hyx) is e1, so e; € Col(Hyxy) =
Col(U) L Col(S), giving b” =e{ S =0. Thus, Ly =a' (D + E,) 'R+, and by the X-only Lemma C.2(ii),

191 < || A=FXiExo||_ el
Op(ﬁ) 0
~0.()

With [|a]| <1, (D + Ey) ™ op = Op(1) and || R||ep = O(1), we have

La| < @l 1D + En) ™ lop [|Rllop 9]

o)

needing p — oo.

Ly = 0,(1). By definition,

Ly = e] Hy; M~ —E}Exoé.

This has the one-sided structure of G2, with Hx; on the left only. Applying the control one-sided identity
and folding the S-factors via the control analogue of (C.30) with w = Exo¢,

Ly =e] RY(D+ E,) " | AU Eo(I - Ps)Exo¢ — =RF, PsExo |.

ik

=: L271 =: L212

The outside factor ef BT (D + E,,) ! is 0,(1), so it suffices to bound Lo 1 and Lg 2. Both rely on the X-only
Lemma C.2(iii),

1
¢ op p

For the bound on Lg ;. Since ||l_'~]||Op =1and ||] - ]SSHOp < 1, the projection cannot increase the norm, so

L4 1 reduces to a quadratic form in Exq. Factoring out /n.,

L2141l < = 1B XoExollop Il
LELoExo| o

P )
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exactly as in (C.35). For the bound on Lso. Here we use ||]A%1HOp = O(1), ”\/%F)THHOP = 0,(1), and
HﬁSHOp < 1, together with

[Exodll < [ExoExols)’ 4]
LELExo|. o]

-0 (%)

Here, multiplying the bounded factors gives us,

= nC

L S Eo ‘LFT H ]SSO EX(yb
L2l < [[Rllop || Z=F x1 op|| llop Exod||

-o(y%)

Now, adding the two bounds, and noting the second dominates once p — 0o (as \/ne/p = \/ne/p -p_1/2)7 we
get that

under n./p — 0, the control analogue of Gy’s relative growth requirement.
Ly =o0p(1). (this and next one need to be checked again tomorrow) We have that,
Ly=eHY M! \/%E;{On, 1N =17 uxao (control units).

This is the one-sided pattern of G4, now with the control noise i in place of €;. Now, applying the control
one-sided identity and folding the S-factors via (C.30) with w = n, we obtain

Li=elRT(D+ E,) [ U EL (I - Ps)n— A=RF L, Psn.

=: L411 =: L4,2

The outside factor eIET (15 + En)_l is Op(1), so it suffices to bound L4 and Ly 5. For the bound on Ly 1,

condition on Exg. Since 7 is independent of Exq, has mean zero, and has covariance bounded by C1I,,,

1~ K C (= - _
EU‘WUTE}O(IPSM Exo gn—ctr{UTE}o(IfPS)EXOU}
C 2
gnicHEXOHop

~0,(2)

For the bound on L4 2. We split the factor matrix into mean and centered parts, Fx; = 1,u1T~X + f‘Xl, SO
that

Thus, [|L1 ]l = Op(p~"/?).

ﬁjﬁF}lﬁsn = \/%EMFX 1" Psn+ \/%Ef‘;ﬂﬁﬂT

mean part centered part
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Since the control-arm exogeneity of Assumptlon 3.1(ii) gives E(uxar0,; | fX asUx g, uai, A = 0) =0, and

PS is a function of Exg, we have E(n | Ps) = 0. Hence, conditional on PS, the mean part has a bounded
second moment, exactly as in (C.39):

E[(1TPsn)? | Ps] <C1TPs1=0,(1) = 1" Psn=0,(1),

the last step by Chebyshev inequality, so that H\/%Eupx 1T135n|| =0, (\/%)

For the centered part, conditioning on (ﬁ x1,Exo) and arguing exactly as in (C.41) gives as

RFXlPSnH ‘FXMEXO} < —tr (FX1PSFX1)

o)

where tr(f‘}lﬁsf‘Xl) = Op(1) by Lemma C.4. So, the centered part is Op(nc_l/2) as well. Now, adding the
two gives us

|5

|La| = Op(p™ /2 + 0 12) = 0,(1).

Ls = 0,(1). By definition, we have that
Ly =e] Hy, M "Hxi =F 3 R,

Here, the left factor is |le] H)THM "Hx1llop = O,(1) by (C.27), so it suffices to bound the contraction

\/%FIHR . Now, we split the remainder by noise source,

Rn = Exoa, + Rfy, aAn = _(HE()TB(—)F('YI + A5 0),  lanll = Op(1),

where the covariate part Exoa,, depends only on uy, and the mediator part R} depends only on (uyy, uxM0)s
with rM = (maxiE[(r%)?])lm = Op(g V% + nil/Q). Since RM is independent of Eyxg, we condition on
Exo throughout, under which the covariate part is fixed. The rows of Fx; are the true factors and are
independent of the control noise, and we split them into their mean and fluctuation, Fx; = 1;;} + Fx with
px = E(fx1).

Now, for the covariate part, conditioning on Ex, the deterministic contribution satisfies

< lpx]| \/2— 11 I Exollop |anl]

= |luxl V% Ve Op(V/1e/p) Op(1)
e

=0(y/7):

where we have used ||1|| = /e and ||[Exollop = Op(y/n¢/p) from Lemma C.2, and this is 0,(1) under
Assumption 5.2. For the fluctuation contribution, we have that it is conditionally mean zero, and

\/%NX 1"Exoay,

2
] =

< IExoll3, llan]®

1
“0.(3)
b
so we get that the fluctuation contribution is O, (p~'/2).
Now, for the mediator part, since R is mean zero and independent of Exg, and the rows of Fx; are

independent of the control noise, the sum fF;lRM is mean zero, and we have that

IE[H#TCF;EXO%

} = (m?XEHfXLiHQ) (ra)?
11
_ op(g + n—t)
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so it is O, (¢~ /2 + n, Sz . Now, combining the covariate and mediator parts, we get that
P g g

so with the O,(1) left factor,

sl = 0y (& + & + 7 ) = 0p(1).
Lg = 0p(1). By definition, we have that

Lo =efH M ™' =Ex Ry
This is the one-sided pattern of L4, with the remainder R,, in place of the control noise . Now, keeping the
fixed vector e; attached and folding the S-factors through the control analogue of (C.30) with w = R,,, we
get that

Lo =] RT(D+ Ey) "' | U EL (1 - Ps)Ry — J=RFL, PR, |.
=:Lg1 =:Lg2
Here, the outside factor is O, (1), since ||e{ RT|| = O(1) and H(BJrE'n)*lHOp = Op(1) by (C.42), so it suffices

to bound Lg ; and L o.
Now, both the projection Ps and the contracting matrix E, are functions of the control proxy errors
Exg, and the remainder R, carries a covariate part built from the same errors, so we condition on Exg

throughout. As in Ls, we have that R, = Exoa, + RM, and under this conditioning ]55 and Exoa, are
fixed.

Bound on Lg;. Since HU||OID =1, it suffices to bound — E)T(O(I PS)’R Now, for the covariate part,

n ’

conditioning on Exo makes \/%CE)T(O(I PS)E X0an determmlstlc, so we bound it directly in norm,

< = [Exoll2, llan||

= 4= 0,(%) 0,1
0,(2=),

p

| e

where we have used ||I — Pg||op < 1 and |Exoll2, = Op(nc/p) from Lemma C.2. Now, under Assumption 5.2,

(pAq)/n — oo gives p > n > ng, so \/n./p — 0 and this part is 0,(1). For the mediator part, since RY is

mean zero and independent of E x(, we have that \/%E)T(O(I — ﬁS)Rﬁ/f is conditionally mean zero, and

|:H \/—Exo(I PS H ‘EXOi| S 'r% ||EX0||c2>p (’I“Ql)Q

~o(oi )

so this part is O,(p~1/2(¢7 /% + n, 1/2)), which is smaller than ¢~'/2 4 n;1/2.

A;'—’nuXM,O’i7 with A, , = Op(n, 1/2) independent of E x(, contributes Op(nt_lﬂ). Combining, we get that

Now, the rotation part

0y (5= + 35+ 7 ) = on(1):

Bound on Lg 5. Using ||R||ep = O(1), we have that

162l < [ Rllop

=
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Now, the contraction is by F,, so we split the factors into mean and fluctuation, Fx; = 1uy + Fx with
ux = E(fx1). For the covariate part, the deterministic contribution uses the fixed-rank projection quadratic
form 17 Pg1 < ||1]|> = n,, so we have that

S=px 1" PsExoan| < [lpx| {17 Ps1}'/? = |Exoay|

< x|l Ve A= [Bxollopla

(%)

where we have used [|Exo|lop = Op(y/n¢/p). For the fluctuation contribution, conditioning on Ex( makes
PsExpa, fixed, and it is conditionally mean zero, so

FxpsExoan

[H A B
<< w ||PSEXOanH

L |Exoan|?

—o(2),

so the fluctuation contribution is Op(pfl/ 2). Now, for the mediator part, since RM is independent of Exg

and mean zero, we have that \/%F;rﬂﬁsRﬁ/f is conditionally mean zero with second moment O, (¢~' 4+n; ),

IN

so it is O, (g~ /% + n_l/z) Combining, we get that

1Lzl = 0p( &5 + 25 + ) = o»(L).

Now, combining the two pieces with the O,(1) outside factor, we get that

1 1
| Ls| = Op(\/T +5T ﬁ) = op(1),
as ng, p,q — 00, with no relative growth condition between p and q.
Ly.
Unlike the bias terms above, L; does not vanish, so we identify its first-order form rather than bounding it

away. Recall Ly = \/n. 83 (H},41 — 71), which lives on the control ,/n.-scale, whereas Lemma C.6 expands
the rotation error on the treated ,/n;-scale,

Ve (HyA —m) =D — o+ Js+Ja, —JiJa, Ja=0,(1),  Jz=0p(1),
where the surviving signal term is
Js=P;H/ M~'H, FFl €

e Z f1 €1, + 0p(1),

it A, =1

= Pq Q;l

the second equality using HY M~'H; — Q;' = 0,(1) established in Lemma C.6.
Because the two scales differ, we do not equate L; with §, J3 directly. Substituting the treated-scale
expansion and keeping the scale factor,

Ly = /e oy (Hy A —m) = %5(?(—J1—J2+J3+J4)~
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For k € {1,2,4} the Cauchy—Schwarz inequality gives \5TJk\ < |00l [|Jx]l = o0p(1), since ||do| = O(1) by
Assumption 3.1(iii) and Ji = 0p,(1), while \/n./n; = 1) by Assumption 5.2, so those three products are
op(1). Only the signal survives, and it carries the ratio exphc1t1y,

Ly =,/ 5TJ3 +op(1),

(50 Jg = (PTéo Z f1 i€1,i + Op )
1 A;i=1

The factor \/n./n; is Op(1).
For regression fold k, let ny denote the fold size, with treated and control counts nf and n§. Since

t
ng p ng p
i—)’ﬂ'l, — T,
ng ng

we place the treated and control expansions on the common ,/nj scale. Now, collecting the bounds of this
part,

G1 :G2:G4:0p(1), Ll :LQ :L4:L5 :Lﬁ:Op(l)7 L7: %5JJ3+OP(1),

Suppressing the fold. within the terms G, L;, we have
V(b —a1) =

. _
N (ﬁao fﬁ(so) - Ls+ /n—f 50 Js + 0,(1). (C.43)
k

~ n n
wnk(t%’k — 90) =, ,7177]: (Gg —|—5JJ3) + 4 Fng —|—Op(1).
k k

The remaining terms are therefore G, Lz, and &7 J3. We next derive their joint asymptotic distribution.

Therefore,

Part 3: Asymptotic Normality of fo.
Each surviving term carries a random sandwich matrix, H{M~'H; for Gz and 5; Js3, and
H)THJT/[/ “'Hy, for Ls. The argument proceeds in six steps. Step 1 shows these sandwich matrices con-
verge in probability to the fixed conditional inverses Qfl and Q;{(l) Steps 2-3 reduce G3 + &, J3 and L3 to
stratum averages of i.i.d. mean-zero summands on the fold scale. Step 4 assembles the single influence func-
tion with the correct w1, my scaling and shows the cross term vanishes exactly. Step 5 verifies the Lyapunov
condition and concludes for one fold, and Step 6 lifts the result to the cross-fitted estimator. We close by
bounding o2 above and below.

Throughout this part we work on one regression fold D of size m = |D|, with treated and control counts
ng=1{ieD:A; =1} and n. = |{i € D: A; = 0}|, and n,/m —, 71, n./m —, m by Assumption 5.2. The
full-sample lift is carried out in Step 6.

Step 1: Sandwich matrices converge to conditional inverses.
By Lemma C.5, we have that H; = UR with U U = I and R square and invertible (vyin(R) > cg > 0), and

H/M'H,=R"(D+E,) 'R, D= n%RFlTFlRT.

Define the fixed matrix D, = RQ; R". Since R is square and invertible and Q; = 0, D is invertible with
Amin(Doo) = v (R) Amin (1) > cc% > 0, and

mln(
S;:=R'D'R
—R"(RURT) 'R (C.44)
=R'RTTO'RT'R=07".
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This is an exact identity, using (RQ;R7)™* = R~ TQ; 'R~ for square invertible R. Tt is the limit toward
which the random sandwich converges.

(a) D % D.. The treated outer products fl,ifI , are i.i.d. across treated ¢, with conditional mean {}; and
finite fourth moments (Assumption 5.1(i)). Now, applying the multivariate central limit theorem entrywise
to the mean-zero summands fl,iflTi — ) gives, for each fixed pair (j, k),

Vi (%FIFl)jk — ()n} = Op(1).

As the dimension 1+ p+ ¢ is fixed, entrywise convergence is operator-norm convergence at the same rate, so
HLFTFl - Ql” =0 (n71/2), and hence
ne 1 op p\'

ID = Decllop = HR(H%FIFl - Ql)RT

< 1712,0, (=)
()

(b) (D+E,)~! —, D3!. We begin with the identity A~! — B~! = A=Y(B— A)B~!, with A = D + E,, and
B = D, giving

op

(D +En) ™" =Dy = (D + En) ' [(Dos — D) — B, | DL

Taking operator norms and using sub-multiplicativity together with ||(D + Ep,)"!|op = Op(1) (Lemma C.5),
1Dt lop < (%)™t = O(1), ||D— Deollop = Op(nfl/Z) from part (a), and || Ey |lop = 0p(1) at the rate (C.11),
1D+ Eu)™" = DM lop < (D + En) ™ Hlop (1D = Desllop + 1 Enllop) 1 D% llop

— o(D) (C.45)

Combining with (C.44),
] My - Y| = [RT[(D + B - DIR|
1IR3, 0p(1)
= Op(l).

The identical argument on the control side, with Hyx, = ﬁé, 1500 = EQXO ET, and S; = ETf);OlE = Q}lo,
gives

op

IN

[B] M H - Q7| = 0,(1), [HY M 'Hy, — Qo llop = 0p(1)- (C.46)

Step 2: G3+ 67 Js as a treated i.i.d. average.
Both terms share the same sandwich, since §g J3 = (P] o) TH{ M~'H, \/%Ffel has the same shape as

G3 = eIHTM_lHl \/%Ffel. The fixed vectors therefore add, giving a1 = e1 + P;&o. Because P;éo lies in
the mediator block, its intercept slot is zero, so

lar|* =1+ [[Pgool®, 1< [laa]l =0(1) (as [[do] = O(1)). (C.47)
Now, combining them into a single object,
G3+0g J3=a] H{ M~'H, =F{ ¢

=a; Q* ijqu +a{ (Hf M~'H; — Qfl)\/%FlTel.
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The second term is 0,(1), since its matrix factor is o0,(1) in operator norm by (C.46) and its vector factor
is Op(1). By Assumption 3.1(ii), €; is mean zero and independent of F;, while Assumption 5.1(i) gives
uniformly bounded second moments. Therefore,

[HrFlTelH ‘Fl} —tr(lFTE(elel |F1)F1)

< Ctr (EFIFl) (C.48)
= Op(l)v
SO H \/—FT61H = O,(1) by the Chebyshev inequality. Therefore, we have that
_ T
G3 + (SJJg e — Z 51 3 + Op 1 , 6171‘ = (Ql 1(11) flﬂ' 6171'. (049)
z A;=1
The conditional exogeneity Ele1; | f14, A; = 1] = 0 follows from Assumption 3.1(ii) makes each &; ; mean

zero, and the & ; are 1.i.d. across treated ¢ because Qflal is fixed and (fy ;, €1,;) are i.i.d.. Their variance is
2
gy = Var(fu | Az = 1)

C.50
=E[e, {(Q7 a) Th1:}? | 4 =1], ( )

finite because || !||op = O(1), [|a1|| = O(1), and the conditional fourth moment of f; ; and second moment
2

of € ; are bounded (Assumption 5.1). When €1 ; L fy ;, it simplifies to o = oc 1 aIQflal with 0621,1 = E[e%z]
Step 3: L3 as a control i.i.d. average.

Repeating Step 2 with (M,Hx1,Fx1,m,Qx0) in place of (M,H;,F1,€1,1), then using the second half of
(C.46) and the control analogue of (C.48) with § =+, uxa,o in place of €1,

+op(1 (C.51)
z A;=0

_ T . .. .
where &, = (QXBel) fxi1:m;, and n;, = vquM’oJ'. By Assumption 3.1(ii), uxas 0, is mean zero and
independent of (fx ;, A;), so E[n; | fx1,:,4; = 0] = 0, so the & ; are i.i.d. mean-zero across control ¢, with

conditional variance )
o5 :=Var(§e, | A; =0)

= E[n; {(Qxoen) fx1:}? | Ai = 0] (C.52)
< 00,
finite since
E[U? | Ai = O] = VirquM‘ofyl

< H’71 ||§ ||EUXJVI,O ||OP
<cC

using Assumption 3.2(i) for [[v1]| = O(1) and Assumption 3.1(v) for |[Xuy 0 llop < C.

Step 4: The single influence function and the vanishing cross term.
Substituting (C.43), (C.49), and (C.51) into the fold decomposition (C.14), on the common fold scale /m,

)= (E [ 5 6]+ VE [ 6] o0

i itA;=

On the treated group, regrouping the constants gives us
1 _ 1
Vi gm D b= g D b
i:A;=1

i A;=1
= lmZ]_(AZ: )nf 511
€D

3

3l



Since 7 —, 7%1 by Assumption 5.2 and ﬁ Y iep (A = 1)é1,; = O,(1), the replacement of nr by ?11 costs

(nﬂt — Trll) - Op(1) = 0p(1) by Slutsky’s theorem. The control group is analogous with nﬂc —p 7%0 Hence
. 1
m(&D—GO):7 ¢¢+0 (1)7
V NG ;3 v (C.53)
where
1A, =1), | T 1(A;=0), .1 \T
di= = (O ) e+ = (Oxhen) (C.54)

By the conditional mean-zero properties of Steps 2—3, E[y;] = 0.
The cross term vanishes exactly. Write ¢; = 1/J£1) + wlgo) for the treated and control parts. Each product
wgl)wgo) contains the factor 1(A; = 1) 1(4; = 0) = 0, since A; takes exactly one value, so
1/}§1)w§0) =0 for every i,
pointwise, not merely in expectation. Therefore
02 ;= Var(iy)

=E[(4")"] + 2E[0{"v("] + E[")’]

=E[(;")*] +E[(,”)%].
Evaluating each square with E[1(A4; = 1)] = m; and the conditional variances (C.50) and (C.52),

1 _
E[(’(/}El))ﬂ = P E[l(AZ = 1) {(Ql lal)Tfl,i 61,1'}2}
1
1 _
= W—%]E[l(Ai =D E[{(Q7"a1) fi e} | A = 1]
_oat
=
B[] =2
7 - 7_(_07
so that , ,
2= 2 (C.55)
T )

There is no 2p cross term, as the mutually exclusive treatment indicators force the same-observation product
of the two groups to be exactly zero.

Step 5: Lyapunov central limit theorem.

The {v;}iep are i.i.d. and mean zero. Fix w € (0,1]. Each part of ¢; is a fixed scalar (ﬂ% or Wl—o) times
the product of a bounded linear form in a sub-Gaussian factor vector and a sub-Gaussian noise (e;; or
ni = v Uxaro4). By the elementary bound |z + y[?t@ < 21+« (|z|2+@ + |y|?*¥), the Cauchy—Schwarz

inequality, and the finiteness of all moments of sub-Gaussian variables (Assumption 5.1), we get that

- 24 _ 24
By >t < 21+w(ﬂfl+wEf(Q1 Yag) Tfen| 0+ TFS%EKQXBel)fom i w)
< (C < o0,

uniformly in 4. With the lower bound o2 > ¢ > 0 established below, the i.i.d. Lyapunov ratio satisfies

ZiEDE|wi|2+w _ mIEW’l‘HUJ
(Siep Vards) 777 (mad)teer
< Cm
= (mc)+e/?
=0(m™/?) -0,
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verifying the Lyapunov condition. By the Lyapunov central limit theorem for i.i.d. arrays,

1 d
> i = N(0,1),
VI On ioh

and combining with (C.53) and Slutsky’s theorem gives /m (6p — 6o) /0w 4, N(0,1).

Step 6: Cross-fitting.
The expansion above is for one regression fold. Let D, Dy be the two folds with |Dy| = |Ds| = n/2, the
whitening for fold Dy built on its complement, and we get that 65" = %(9@1 +60p,). Steps 1-5 applied within
fold Dy, give

0o, — b0 = |D PR (C.56)

1€Dy,

with the same influence function ¢; of (C.53). The training-fold whitening differs across folds, but by Step 1
both training folds produce sandwich matrices converging to the same population limits 1, Qxq, so the
leading summand in (C.56) is the same fixed influence function on both folds and the difference is absorbed
into the same o, remainder.

The two fold sums are over disjoint index sets Dy, Da, so {9;}iep, and {1;}iep, are independent collec-
tions of the same i.i.d., the cross-fold estimation dependence enters only through the training-fold whitening,
whose effect is 0,. Hence, the two centered fold sums are asymptotically uncorrelated and, using 2|Dy| = n,
we have that

V(B — 6g) = (6p, — o)

5
M+ | Mw st

Z%Jrop

zeD

Yi + op(1).

Si-

.
Il
—

The {t;}*_; are i.i.d. mean zero with variance o2 over the full sample, so the fold-level Lyapunov argument

of Step 5 applies verbatim with m replaced by n yields
fs' — 6
Vllg =) 4, N(0,1).
on

Boundedness and nondegeneracy of ¢2. It remains to show 0 < ¢ < 02 < C' < co. The upper bound
is immediate from (C.55), since 02,05 = O(1) (Steps 2-3) and w1, 7 are bounded away from 0. For the
lower bound, o2 is a sum of two nonnegative terms, so it suffices to bound one of them below. Conditioning
on fj; inside (C.50) and using the conditional residual variance bound Var(e;; | fi,,A4; = 1) > a® > 0
(Assumption 3.1(i) and 5.1(ii)),
E[ Var(eu | fl,ivAi = ].) {(Qflal)TfLZ-}Q |A7, = 1]
> g ]E[{(Qlilal)—rfl’i}2 |A7, = 1]

The inner expectation is the Q-quadratic form,

E[{(Ql_lal)TfLi}Q |Az = 1] = (Qflal)Tﬂl(Qflal)
=a Q1 aq
2> Amin(Q71) llaa |
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Since ||a1|| > 1 by (C.47) and Amin(27 ) = Amax(Q1) 7 > 0,

=c>0.

Now, combining the two bounds gives 0 < ¢ < 02 < C < oo, which completes the proof of asymptotic

n <
normality of the cross-fitted estimator 6. O

D Auxiliary Material

D.1 Technical Lemmas

Lemma D.1 (Inverse of an augmented second-moment matrix). Suppose Assumptions 3.1 and 3.2 hold. Let
H = diag(Hx,H);) where Hx and Hy; be defined as in Definition 5.1, and e = (ey, e};)' be a vector with
mean zero, covariance Yo = 0 as defined in Section A.1. Set L = (1,(Hf +e)")T, then M :=E[LLT | A = 1]
1s invertible, with

Mol = (1 + M;|—|1HT(HEH1HT + Ye) 'Hpug —ME—“HT(HZmHT + Ze)_1>
—(HSg HT + Ze) " "Hpgpy (HSe H + %) !

Proof. Using Assumption 3.1(ii), we know that e do not depend on A, so Ele | A = 1] = E[e] = 0,
Elee' | A=1]=E[ee'] = Ze and E[fe’ | A=1] =0. From L = (1,(Hf +e)")", we have

1 Hf +e)'
LLT = (Hf—i—e (Hf(Jre)(Here)T) '

Now, expanding the bottom-right block,
(Hf +e)(Hf +e)' =Hf f ' H' + Hfe' +ef 'H' +ee'.
We take the conditional expectation given A = 1 entrywise. In the linear blocks, we have that
EHf +e|A=1]=HE[f | A= 1]+ E[e] = Hyg1,
using E[e] = 0. Also, the two cross terms satisfy

E[Hfe' | A=1=HE[fe' | A=1] =0,
Elef ' H' |A=1]=E[fe’ |A=1]"H" =0,

as E[fe’ | A =1] =0, and the remaining noise term is Elee” | A = 1] = E[ee'] = X,. So, collecting these
gives us

M= 1 ufT‘lHT
~ \Hpen HEFT |[A=1HT +%.)°

We write A1 =1, Ao = ,u;r‘lHT7 and Ay = HE[f fT | A=1]HT 4 .. The Schur complement of A;; is

Agy — ALA A =HE[f £7 [ A=1JH" + % — Hpgjpug  H'
=H(E[f f7 | A=1] - pepapgy)H' + Te = HSe H + 5,
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using ¢, = E[f fT|A=1]— ,uf|1ufT|1 in the last line. This is positive definite, so M is invertible. Applying
block-inverse formula with these blocks, we get

By = (HSg H' +¥e) ™,
Big = —pg H (HSg H + %)™,
Bi =1+ pd BT (HSg H + %) Hygpy,
which is the formula. O

Finally, we record the Woodbury identity, used repeatedly to invert signal plus noise matrices.

Lemma D.2 (Woodbury matrix identity). Let A € R™*" and C € R¥*k be invertible, and let U € R"**,
V e RF>*" If C~1 + VAU is invertible, then A+ UCYV is invertible and

(A+UCV) ' = A AU (CT +VATU) VAT

Proof. We verify the right-hand side is a right inverse of A + UCV. Since both matrices are square, a right
inverse is a two-sided inverse. We have

(A+UCV)[A = AT U(CT + VAT D) VAT

=I+UCVA' —UC T +vATlU)"lvAT —ucvAT ' U(CT 4 vATi D) Tty AT
=I+UCVA' —~U[I+CVAT'U(CT' +VATIU) ' VAT
Qrrvevat—vc[ct + VATW)(CT 4 VATIU) T VAT
=I+UCVA'—-UCVA =1,

Here, (1) follows simplyy using C[C~! + VATIU|(C~1 + VA~IU)"t = C. ]

D.2 Calculation of Effects

Throughout this subsection, we center the latent factors so that E[fx] = E[fa;] = 0. The intercepts «, and
dq therefore account for the corresponding mean levels. Note that the arm-specific conditional means fig|;
and fig, o used elsewhere in the Appendix can still be nonzero.

By the regression model in (2.1), for a € {0, 1},

E[Y | fx,far, A=a] = ag + B fx + v, far,  E[far | fx, A = a] = 6, + B.fx.

For Y (@M )), we first average over the mediator distribution under A = o’ conditional on fx, and then over
the marginal distribution of fx. Therefore,

E[Y©M ) = a, +Elfx] o + Elfar | £x, 4 = ] 7,
= (0t + 04%a) + Elfx] T (B2 + Brva)
=g + 6;%,

where the last equality follows from E[fx] = 0.
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For the four choices of (a,a’), we have

IE[Y(LM(U)] =) +E[fx] 81 +E[far | fx, A=1]"Tv
= (a1 + 6 m) +E[fx]" (81 + B{ m)
=a1+6, 7,
E[Y M) = aq + Elfx]T o + Elfar | £x,4 =07
= (a0 + 85 v0) + E[fx] " (B0 + By 0)
=g+ 390,
E[Y M) = oy + Elfx] B+ Elfar | £x, A = 0] 7
= (a1 + 80 m) +Elfx] " (81 + By m)
=a1 + 68 71,
]E[Y(O’M(l))] =ap +E[fx] 8o +E[fa | fx, A= 1T~
= (o + 8/ v0) + E[fx] " (8o + B{ 70)
=ap+6] 7.
Note that E[Y(LM(O))] = a; + dg 71 is exactly the estimand 6y = a; + 7/ dp studied in Theorem 3.1 and
throughout the rest of this Appendix.

The natural indirect effect holds exposure fixed at treatment and varies the mediator between its two
natural values

NIE = E[y M) — gy M)
= (a1 + ) m) — (@1 + 5 m)
= (61— ) -
The natural direct effect holds the mediator fixed at its control-arm natural value and varies exposure
NDE = E[y (WM )] - g[y M)
= (a1 + 8 m) — (@ + g 70)
=1 —ag+ g (11 = 70)-
The remaining potential outcome, E[Y(O’M(l))] = ap + 07 o, is not needed for NIE/NDE above but gives

the complementary decomposition, TDE = E[y 1:M™)] B[y 0:M™)] and TIE = E[Y M) — g[y (0.M™)],
which satisfies the same identity TDE + TIE = NDE + NIE.

D.3 More on Simulation Study and Sensitivity Analysis
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c=0.1 c=1
p=gq n RMSE SD CI Length Coverage RMSE SD CI Length  Coverage

500  0.1988 0.1990 0.7799 0.956 0.2209 0.2211 0.8665 0.944
1000  0.1493 0.1494 0.5855 0.942 0.1496  0.1497 0.5867 0.954
500 1500 0.1156 0.1157 0.4534 0.948 0.1207  0.1206 0.4729 0.956
2000 0.1046 0.1046 0.4098 0.936 0.1060 0.1043 0.4089 0.948
2500 0.0851 0.0849 0.3330 0.954 0.0939 0.0937 0.3674 0.954
500  0.1645 0.1646 0.6452 0.950 0.1355 0.1352 0.5299 0.950
1000 0.1078 0.1075 0.4214 0.952 0.0937 0.0938 0.3678 0.952
1000 1500 0.0923 0.0924 0.3621 0.948 0.0747  0.0745 0.2920 0.944
2000 0.0813 0.0814 0.3189 0.950 0.0651  0.0652 0.2556 0.942
2500 0.0746 0.0746 0.2923 0.954 0.0557  0.0557 0.2185 0.948
500  0.1737 0.1738 0.6814 0.954 0.2758 0.2760 1.0818 0.964
1000 0.1266 0.1267 0.4968 0.948 0.1900 0.1897 0.7436 0.956
2500 1500 0.0951 0.0952 0.3731 0.930 0.1575 0.1574 0.6169 0.936
2000 0.0887 0.0888 0.3480 0.948 0.1265 0.1266 0.4961 0.956
2500 0.0763 0.0763 0.2993 0.956 0.1205 0.1206 0.4726 0.952
500  0.1754 0.1755 0.6880 0.952 0.2106  0.2108 0.8264 0.952
1000 0.1190 0.1191 0.4668 0.958 0.1323 0.1324 0.5188 0.940
5000 1500 0.1012 0.1013 0.3970 0.948 0.1077  0.1078 0.4227 0.942
2000 0.0880 0.0872 0.3417 0.942 0.0976 0.0977 0.3830 0.956
2500 0.0791 0.0792 0.3103 0.950 0.0852  0.0850 0.3332 0.968

Table 3: Performance of éo under variance-matched tg errors, over 500 replications.

Table 4: Performance of 6, as the strength of the mediated pathway varies, 1 = 79 = cg, over 500 replica-
tions.

oc=0.1 oc=1
p=q ¢ n  RMSE SD CI Length Coverage RMSE SD CI Length Coverage

500 0.0085 0.0085 0.0333 0.948 0.0859 0.0859 0.3365 0.950
1000 0.0056 0.0056 0.0219 0.956 0.0585 0.0585 0.2292 0.950
1000 0 1500 0.0047 0.0047 0.0185 0.950 0.0469 0.0468 0.1836 0.952
2000 0.0039 0.0039 0.0152 0.956 0.0393 0.0384 0.1506 0.952
2500 0.0036 0.0036 0.0142 0.950 0.0371 0.0372 0.1456 0.954

500 0.0204 0.0203 0.0797 0.958 0.0840 0.0840 0.3294 0.958
1000 0.0145 0.0145 0.0570 0.938 0.0590 0.0590 0.2311 0.948
1000 0.1 1500 0.0112 0.0112 0.0438 0.946 0.0465 0.0465 0.1823 0.946
2000 0.0101 0.0101 0.0395 0.942 0.0395 0.0394 0.1544 0.950
2500 0.0085 0.0085 0.0333 0.948 0.0366 0.0366 0.1433 0.958

500 0.0433 0.0432 0.1692 0.950 0.0938 0.0939 0.3681 0.948
1000 0.0317 0.0317 0.1242 0.946 0.0635 0.0635 0.2488 0.958
1000 0.25 1500 0.0250 0.0251 0.0982 0.948 0.0569 0.0570 0.2234 0.952
2000 0.0225 0.0225 0.0881 0.948 0.0452 0.0453 0.1774 0.944
2500 0.0200 0.0200 0.0784 0.954 0.0399 0.0398 0.1561 0.940

Continued on next page
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Table 4 — continued

c=0.1 oc=1

p=q ¢ n  RMSE SD CI Length Coverage RMSE SD CI Length Coverage
500 0.0908 0.0908 0.3561 0.952 0.1164 0.1165 0.4567 0.944

1000 0.0632 0.0632 0.2479 0.948 0.0879 0.0879 0.3447 0.944

1000 0.5 1500 0.0531 0.0531 0.2083 0.942 0.0699 0.0700 0.2743 0.954
2000 0.0463 0.0463 0.1817 0.952 0.0611 0.0610 0.2392 0.940

2500 0.0382 0.0382 0.1499 0.946 0.0535 0.0533 0.2089 0.960

500 0.1885 0.1886 0.7394 0.958 0.1942 0.1941 0.7610 0.952

1000 0.1263 0.1263 0.4950 0.950 0.1442 0.1443 0.5658 0.950

1000 1 1500 0.0999 0.1000 0.3920 0.944 0.1120 0.1121 0.4393 0.940
2000 0.0886 0.0884 0.3464 0.950 0.0966 0.0963 0.3776 0.954

2500 0.0858 0.0857 0.3361 0.960 0.0835 0.0835 0.3275 0.956

500 0.0093 0.0093 0.0364 0.950 0.0965 0.0966 0.3785 0.954

1000 0.0066 0.0066 0.0257 0.942 0.0658 0.0659 0.2583 0.956

2500 0 1500 0.0050 0.0050 0.0195 0.962 0.0508 0.0504 0.1977 0.948
2000 0.0044 0.0044 0.0173 0.946 0.0429 0.0429 0.1681 0.958

2500 0.0040 0.0039 0.0154 0.952 0.0390 0.0390 0.1529 0.944

500 0.0185 0.0185 0.0726 0.948 0.0936 0.0937 0.3672 0.944

1000 0.0132 0.0132 0.0518 0.948 0.0655 0.0655 0.2568 0.942

2500 0.1 1500 0.0103 0.0103 0.0405 0.962 0.0528 0.0527 0.2066 0.948
2000 0.0092 0.0092 0.0361 0.950 0.0467 0.0467 0.1832 0.960

2500 0.0085 0.0085 0.0334 0.960 0.0408 0.0408 0.1599 0.946

500 0.0410 0.0410 0.1606 0.940 0.1009 0.1010 0.3959 0.948

1000 0.0321 0.0321 0.1258 0.958 0.0741 0.0740 0.2900 0.938

2500 0.25 1500 0.0236 0.0237 0.0927 0.952 0.0579 0.0580 0.2272 0.952
2000 0.0195 0.0196 0.0767 0.952 0.0468 0.0468 0.1835 0.952

2500 0.0186 0.0187 0.0731 0.942 0.0403 0.0403 0.1579 0.952

500 0.0831 0.0830 0.3254 0.948 0.1314 0.1315 0.5155 0.952

1000 0.0597 0.0598 0.2342 0.950 0.0808 0.0808 0.3169 0.942

2500 0.5 1500 0.0467 0.0467 0.1832 0.950 0.0684 0.0684 0.2682 0.958
2000 0.0384 0.0384 0.1505 0.948 0.0606 0.0603 0.2363 0.950

2500 0.0350 0.0350 0.1371 0.956 0.0514 0.0514 0.2014 0.952

500 0.1615 0.1615 0.6331 0.948 0.1838 0.1838 0.7205 0.948

1000 0.1153 0.1154 0.4522 0.946 0.1348 0.1349 0.5287 0.958

2500 1 1500 0.0884 0.0885 0.3467 0.954 0.1045 0.1045 0.4095 0.944
2000 0.0826 0.0825 0.3232 0.952 0.0891 0.0887 0.3478 0.950

2500 0.0734 0.0733 0.2874 0.952 0.0811 0.0812 0.3183 0.946

500 0.0099 0.0099 0.0387 0.948 0.1024 0.1024 0.4014 0.952

1000 0.0065 0.0065 0.0255 0.948 0.0650 0.0651 0.2551 0.940

5000 0 1500 0.0055 0.0055 0.0216 0.952 0.0495 0.0495 0.1940 0.944
2000 0.0045 0.0045 0.0176 0.956 0.0452 0.0453 0.1775 0.958

2500 0.0042 0.0042 0.0163 0.956 0.0420 0.0420 0.1645 0.934

500 0.0210 0.0210 0.0823 0.956 0.0998 0.0999 0.3914 0.942

1000 0.0159 0.0159 0.0625 0.950 0.0647 0.0647 0.2536 0.954

5000 0.1 1500 0.0119 0.0119 0.0465 0.948 0.0551 0.0550 0.2155 0.946
2000 0.0100 0.0100 0.0391 0.952 0.0480 0.0480 0.1883 0.948

0.0094 0.0094 0.0367 0.946 0.0434 0.0435 0.1704 0.952

2500
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Table 4 — continued
c=0.1 oc=1
p=q ¢ n  RMSE SD CI Length Coverage RMSE SD CI Length Coverage

500 0.0495 0.0495 0.1940 0.960 0.1117 0.1116 0.4376 0.946
1000 0.0364 0.0364 0.1426 0.960 0.0730 0.0730 0.2862 0.960
5000 0.25 1500 0.0274 0.0275 0.1076 0.948 0.0593 0.0593 0.2325 0.954
2000 0.0259 0.0259 0.1015 0.942 0.0527 0.0528 0.2069 0.952
2500 0.0220 0.0221 0.0865 0.956 0.0462 0.0463 0.1814 0.954

500 0.0960 0.0960 0.3764 0.950 0.1483 0.1483 0.5815 0.942
1000 0.0660 0.0661 0.2590 0.950 0.0942 0.0943 0.3696 0.962
5000 0.5 1500 0.0559 0.0560 0.2194 0.934 0.0797 0.0797 0.3126 0.946
2000 0.0477 0.0477 0.1871 0.958 0.0684 0.0685 0.2683 0.964
2500 0.0435 0.0435 0.1707 0.952 0.0623 0.0623 0.2444 0.948

500 0.1888 0.1890 0.7409 0.944 0.2238 0.2240 0.8781 0.950
1000 0.1433 0.1432 0.5613 0.958 0.1534 0.1535 0.6017 0.940
5000 1 1500 0.1126 0.1126 0.4415 0.940 0.1216 0.1216 0.4766 0.946
2000 0.0983 0.0983 0.3854 0.954 0.1069 0.1070 0.4194 0.946
2500 0.0875 0.0876 0.3432 0.946 0.0916 0.0916 0.3592 0.956

Table 5: Sensitivity of 0o to the common working dimension kK = p = ¢, with p = g = 3, over 500 replications.

oc=0.1 oc=1
p=q k n RMSE SD CI Length Coverage RMSE SD CI Length Coverage

500 0.2470 0.1902 0.7454 0.880 0.2609 0.2072 0.8122 0.894
1000 0.2044 0.1355 0.5311 0.796 0.2140 0.1518 0.5952 0.840
1000 1 1500 0.1925 0.1076 0.4218 0.684 0.1975 0.1200 0.4704 0.770
2000 0.1846 0.0994 0.3895 0.654 0.1916 0.1000 0.3919 0.630
2500 0.1726 0.0875 0.3432 0.610 0.1764 0.0909 0.3564 0.610

500 0.1986 0.1983 0.7772 0.960 0.2207 0.2209 0.8659 0.944
1000 0.1461 0.1451 0.5690 0.944 0.1609 0.1610 0.6311 0.954
1000 2 1500 0.1183 0.1179 0.4620 0.944 0.1321 0.1302 0.5102 0.944
2000 0.1067 0.1060 0.4154 0.950 0.1122 0.1104 0.4328 0.942
2500 0.0878 0.0870 0.3411 0.942 0.1008 0.0996 0.3903 0.946

500 0.1956 0.1951 0.7647 0.952 0.2240 0.2242 0.8790 0.954
1000 0.1484 0.1484 0.5818 0.946 0.1485 0.1483 0.5815 0.944
1000 3 1500 0.1151 0.1152 0.4515 0.944 0.1269 0.1269 0.4975 0.952
2000 0.1053 0.1054 0.4130 0.944 0.1106 0.1107 0.4339 0.952
2500 0.0931 0.0932 0.3653 0.954 0.1016 0.1015 0.3980 0.952

500 0.2138 0.2140 0.8390 0.948 0.2285 0.2287 0.8965 0.950
1000 0.1492 0.1493 0.5852 0.946 0.1700 0.1697 0.6653 0.948
1000 5 1500 0.1252 0.1253 0.4913 0.936 0.1306 0.1307 0.5123 0.948
2000 0.1098 0.1098 0.4306 0.954 0.1104 0.1104 0.4329 0.938
2500 0.0900 0.0901 0.3531 0.944 0.1035 0.1032 0.4047 0.942

500 0.2235 0.2236 0.8767 0.960 0.2349 0.2351 0.9216 0.950
1000 0.1500 0.1500 0.5881 0.948 0.1608 0.1609 0.6308 0.962
1000 7 1500 0.1190 0.1191 0.4670 0.944 0.1297 0.1297 0.5084 0.944
2000 0.1052 0.1049 0.4112 0.950 0.1110 0.1111 0.4353 0.956
2500 0.1012 0.1012 0.3966 0.960 0.1019 0.1019 0.3996 0.948
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Table 5 — continued

c=0.1 c=1
p=q Kk n RMSE SD CI Length Coverage RMSE SD CI Length Coverage
500 0.2242 0.2244 0.8795 0.956 0.2392 0.2394 0.9384 0.942
1000 0.1536 0.1535 0.6017 0.942 0.1643 0.1643 0.6440 0.942
1000 10 1500 0.1211 0.1212 0.4752 0.956 0.1269 0.1270 0.4979 0.950
2000 0.1035 0.1035 0.4058 0.948 0.1210 0.1210 0.4744 0.944
2500 0.0925 0.0926 0.3630 0.950 0.0965 0.0962 0.3772 0.948
500 0.2176 0.2175 0.8525 0.954 0.2529 0.2531 0.9922 0.948
1000 0.1501 0.1503 0.5891 0.948 0.1674 0.1675 0.6565 0.942
1000 15 1500 0.1233 0.1234 0.4837 0.960 0.1265 0.1265 0.4961 0.950
2000 0.1067 0.1067 0.4182 0.954 0.1111 0.1112 0.4361 0.954
2500 0.0949 0.0950 0.3723 0.960 0.1047 0.1048 0.4109 0.962
500 0.2290 0.2293 0.8987 0.948 0.2499 0.2493 0.9774 0.958
1000 0.1577 0.1577 0.6180 0.952 0.1678 0.1677 0.6575 0.948
1000 20 1500 0.1244 0.1243 0.4873 0.948 0.1350 0.1350 0.5291 0.948
2000 0.1036 0.1037 0.4065 0.950 0.1176 0.1176 0.4611 0.944
2500 0.0970 0.0971 0.3807 0.950 0.1026 0.1027 0.4027 0.950
500 0.2370 0.2371 0.9293 0.950 0.2665 0.2665 1.0445 0.952
1000 0.1634 0.1635 0.6409 0.948 0.1680 0.1682 0.6592 0.964
1000 30 1500 0.1222 0.1222 0.4792 0.954 0.1342 0.1342 0.5262 0.946
2000 0.1080 0.1078 0.4225 0.934 0.1099 0.1099 0.4309 0.946
2500 0.0961 0.0959 0.3758 0.954 0.1094 0.1095 0.4291 0.944
500 0.3131 0.1519 0.5956 0.566 0.3236 0.1722 0.6749 0.656
1000 0.2947 0.1080 0.4233 0.274 0.2878 0.1262 0.4947 0.464
2500 1 1500 0.2747 0.0889 0.3485 0.154 0.2923 0.1004 0.3935 0.234
2000 0.2747 0.0743 0.2912 0.052 0.2855 0.0861 0.3375 0.118
2500 0.2692 0.0660 0.2586 0.028 0.2704 0.0759 0.2976 0.066
500 0.3131 0.1993 0.7814 0.770 0.3550 0.2184 0.8563 0.744
1000 0.3093 0.1662 0.6516 0.626 0.3039 0.1807 0.7083 0.728
2500 2 1500 0.3041 0.1402 0.5496 0.532 0.3036 0.1581 0.6196 0.616
2000 0.2897 0.1437 0.5632 0.590 0.2920 0.1383 0.5421 0.564
2500 0.2938 0.1370 0.5370 0.536 0.3044 0.1463 0.5734 0.530
500 0.1532 0.1533 0.6010 0.944 0.1749 0.1749 0.6858 0.946
1000 0.1159 0.1159 0.4542 0.952 0.1249 0.1251 0.4903 0.956
2500 3 1500 0.0859 0.0860 0.3372 0.948 0.1016 0.1017 0.3987 0.964
2000 0.0738 0.0739 0.2897 0.962 0.0905 0.0903 0.3540 0.958
2500 0.0692 0.0692 0.2713 0.934 0.0766 0.0767 0.3006 0.962
500 0.1584 0.1582 0.6202 0.944 0.1870 0.1869 0.7328 0.956
1000 0.1127 0.1128 0.4421 0.948 0.1254 0.1254 0.4917 0.958
2500 5 1500 0.0899 0.0899 0.3523 0.944 0.1037 0.1038 0.4067 0.950
2000 0.0745 0.0745 0.2922 0.944 0.0891 0.0891 0.3493 0.960
2500 0.0672 0.0673 0.2637 0.958 0.0787 0.0788 0.3089 0.958
500 0.1592 0.1590 0.6234 0.944 0.1846 0.1845 0.7233 0.944
1000 0.1108 0.1108 0.4345 0.942 0.1239 0.1235 0.4842 0.946
2500 7 1500 0.0843 0.0843 0.3306 0.950 0.0983 0.0984 0.3857 0.946
2000 0.0794 0.0793 0.3108 0.950 0.0877 0.0877 0.3438 0.946
2500 0.0701 0.0701 0.2748 0.958 0.0783 0.0784 0.3073 0.950
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Table 5 — continued

c=0.1 c=1
p=q Kk n RMSE SD CI Length Coverage RMSE SD CI Length Coverage
500 0.1494 0.1496 0.5863 0.946 0.1835 0.1834 0.7189 0.954
1000 0.1073 0.1074 0.4210 0.944 0.1272 0.1273 0.4991 0.954
2500 10 1500 0.0939 0.0938 0.3677 0.950 0.0986 0.0987 0.3868 0.940
2000 0.0776 0.0776 0.3042 0.946 0.0869 0.0870 0.3410 0.948
2500 0.0681 0.0681 0.2671 0.950 0.0793 0.0790 0.3098 0.936
500 0.1678 0.1679 0.6580 0.944 0.1960 0.1962 0.7689 0.946
1000 0.1054 0.1054 0.4131 0.948 0.1305 0.1306 0.5120 0.952
2500 15 1500 0.0847 0.0846 0.3314 0.960 0.1096 0.1096 0.4298 0.952
2000 0.0704 0.0703 0.2755 0.934 0.0862 0.0862 0.3380 0.940
2500 0.0648 0.0647 0.2537 0.954 0.0764 0.0765 0.2998 0.950
500 0.1651 0.1653 0.6479 0.954 0.2014 0.2015 0.7900 0.948
1000 0.1108 0.1109 0.4346 0.948 0.1374 0.1375 0.5390 0.948
2500 20 1500 0.0853 0.0854 0.3346 0.940 0.1043 0.1043 0.4089 0.938
2000 0.0779 0.0777 0.3046 0.954 0.0874 0.0875 0.3428 0.948
2500 0.0685 0.0685 0.2685 0.942 0.0747 0.0745 0.2919 0.954
500 0.1851 0.1851 0.7254 0.942 0.2226 0.2225 0.8724 0.958
1000 0.1134 0.1135 0.4448 0.954 0.1374 0.1373 0.5382 0.950
2500 30 1500 0.0913 0.0914 0.3581 0.960 0.1072 0.1073 0.4206 0.948
2000 0.0771 0.0772 0.3024 0.952 0.0923 0.0924 0.3621 0.956
2500 0.0675 0.0675 0.2648 0.948 0.0809 0.0810 0.3174 0.944
500 0.3050 0.2377 0.9318 0.872 0.3197 0.2629 1.0304 0.908
1000 0.2479 0.1642 0.6437 0.790 0.2586 0.1761 0.6903 0.818
5000 1 1500 0.2335 0.1285 0.5038 0.670 0.2356 0.1440 0.5645 0.750
2000 0.2201 0.1151 0.4513 0.630 0.2325 0.1264 0.4956 0.632
2500 0.2148 0.1017 0.3988 0.540 0.2205 0.1063 0.4167 0.556
500 0.3087 0.2478 0.9712 0.888 0.3139 0.2486 0.9745 0.884
1000 0.2540 0.1662 0.6515 0.794 0.2758 0.1974 0.7738 0.840
5000 2 1500 0.2442 0.1371 0.5375 0.696 0.2420 0.1427 0.5593 0.726
2000 0.2297 0.1208 0.4736 0.640 0.2282 0.1220 0.4782 0.646
2500 0.2235 0.1031 0.4042 0.528 0.2349 0.1136 0.4451 0.560
500 0.2370 0.2370 0.9292 0.958 0.2530 0.2519 0.9872 0.950
1000 0.1759 0.1760 0.6900 0.962 0.1818 0.1815 0.7116 0.946
5000 3 1500 0.1357 0.1358 0.5325 0.958 0.1457 0.1457 0.5713 0.948
2000 0.1261 0.1262 0.4946 0.944 0.1384 0.1383 0.5420 0.948
2500 0.1079 0.1080 0.4235 0.956 0.1098 0.1099 0.4307 0.954
500 0.2346 0.2347 0.9201 0.942 0.2498 0.2500 0.9801 0.950
1000 0.1640 0.1642 0.6436 0.946 0.1834 0.1835 0.7195 0.948
5000 5 1500 0.1378 0.1379 0.5405 0.936 0.1538 0.1539 0.6034 0.954
2000 0.1180 0.1180 0.4626 0.950 0.1223 0.1225 0.4800 0.946
2500 0.1077 0.1078 0.4226 0.948 0.1091 0.1092 0.4279 0.948
500 0.2342 0.2345 0.9191 0.944 0.2677 0.2678 1.0497 0.952
1000 0.1777 0.1776 0.6963 0.958 0.1751 0.1750 0.6861 0.960
5000 7 1500 0.1399 0.1400 0.5489 0.942 0.1463 0.1460 0.5724 0.952
2000 0.1226 0.1227 0.4810 0.956 0.1236 0.1231 0.4823 0.946
2500 0.1097 0.1098 0.4304 0.942 0.1094 0.1090 0.4273 0.948
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Table 5 — continued
c=0.1 c=1
p=q Kk n RMSE SD CI Length Coverage RMSE SD CI Length Coverage

500 0.2441 0.2444 0.9579 0.954 0.2755 0.2751 1.0785 0.956
1000 0.1640 0.1641 0.6434 0.954 0.1807 0.1809 0.7090 0.946
5000 10 1500 0.1423 0.1425 0.5585 0.936 0.1546 0.1545 0.6058 0.942
2000 0.1246 0.1247 0.4887 0.956 0.1346 0.1347 0.5281 0.950
2500 0.1061 0.1057 0.4142 0.938 0.1269 0.1268 0.4970 0.956

500 0.2487 0.2489 0.9758 0.954 0.2773 0.2775 1.0879 0.950
1000 0.1818 0.1820 0.7134 0.952 0.1875 0.1870 0.7331 0.956
5000 15 1500 0.1401 0.1398 0.5481 0.944 0.1476 0.1476 0.5787 0.958
2000 0.1174 0.1174 0.4601 0.958 0.1242 0.1244 0.4875 0.936
2500 0.1073 0.1074 0.4212 0.946 0.1143 0.1145 0.4487 0.954

500 0.2577 0.2576 1.0099 0.942 0.2903 0.2905 1.1389 0.960
1000 0.1664 0.1665 0.6525 0.954 0.1900 0.1901 0.7453 0.962
5000 20 1500 0.1416 0.1417 0.5556 0.954 0.1469 0.1470 0.5764 0.942
2000 0.1189 0.1190 0.4663 0.956 0.1227 0.1226 0.4805 0.944
2500 0.1118 0.1120 0.4389 0.948 0.1157 0.1158 0.4540 0.944

500 0.2774 0.2775 1.0878 0.950 0.3107 0.3110 1.2193 0.950
1000 0.1789 0.1791 0.7021 0.940 0.1963 0.1965 0.7702 0.944
5000 30 1500 0.1445 0.1446 0.5668 0.954 0.1548 0.1549 0.6071 0.948
2000 0.1202 0.1203 0.4717 0.950 0.1252 0.1253 0.4912 0.946
2500 0.1117 0.1118 0.4381 0.948 0.1167 0.1168 0.4577 0.948

All 500 replications were usable in every cell.

c=0.1 c=1
Gg=3 Gg="1 G =20 qg=3 qg="1 qG=20

0.0739 (0.940) 0.0702 (0.968) 0.0722 (0.956) 0.0699 (0.946) 0.0690 (0.946) 0.0720 (0.940
0.0690 (0.946) 0.0688 (0.934) 0.0706 (0.954) 0.0733 (0.944) 0.0749 (0.952) 0.0711 (0.938
0.0726 (0.956) 0.0750 (0.942) 0.0714 (0.944) 0.0724 (0.946) 0.0746 (0.942) 0.0764 (0.946

) ) (0.956) (0.946) ) (0.940)
(0.946) (0.934) (0.954) (0.944) ) (0.938)

(0.956) (0.942) (0.944) (0.946) ) (0.946)

0.0581 (0.948) 0.0550 (0.952) 0.0568 (0.950) 0.0725 (0.954) 0.0687 (0.954) 0.0694 (0.948)
0.0536 (0.948) 0.0581 (0.962) 0.0578 (0.956) 0.0721 (0.948) 0.0714 (0.952) 0.0669 (0.962)
20 0.0594 (0.952) 0.0571 (0.950) 0.0534 (0.940) 0.0704 (0.956) 0.0707 (0.946) 0.0701 (0.944)
(0.942) (0.946) (0.952) (0.944) ) (0.954)

(0.938) (0.956) (0.954) (0.944) ) (0.954)

(0.940) (0.944) (0.956) (0.946) ) (0.956)

,_.
o
S
S
Raw|=

~N W

2500

3 0.0932 (0.942) 0.0972 (0.946) 0.0938 (0.952) 0.0829 (0.944) 0.0816 (0.946) 0.0820 (0.954
5000 7 0.0966 (0.938
20 0.1002 (0.940

0.0933
0.0973

0.956
0.944

0.1036
0.1014

0.954
0.956

0.0832
0.0828

0.944
0.946

0.0829
0.0862

0.964
0.948

0.0827
0.0842

0.954
0.956

—_~ e~~~ | ~~~ |~~~

Table 6: RMSE of 6, (coverage in parentheses) for p and ¢ varied separately, with p = ¢ = 3 and
n = 2500, over 500 replications.
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D.4 Covariates

Variable Name Description

PTDOBYY Date of Birth (in year)

PTGENDER Gender of the subject (e.g., Male or Female)
PTMARRY Marital status (e.g., Married, Single, Divorced)
PTEDUCAT Years of formal education completed

PTNOTRT Indicator for treatment group or non-treatment
VSWEIGHT Body weight (in pounds)

VSPULSE Pulse rate (beats per minute)

VSRESP Respiratory rate (breaths per minute)

VSTEMP Body temperature (in Fahrenheit)

VSHEIGHT Height (in inches)

Table 7: Descriptions of patient background variables used as covariates in the model.

E Comparison to Related Literature

E.1 Comparison to Zhang et al. (2026a)

The method of Zhang et al. (2026a) is related to FARMA because both use latent factor models in high-dimensional
mediation settings. However, the high-dimensional variables and latent factors play different roles in the two methods,
and the causal targets are also different.

Using the notation of Zhang et al. (2026a), let € R? be a high-dimensional exposure vector, m € R? a high-
dimensional mediator vector, and y € R the outcome. Their model is

y:agm+a1Tm+61,
m=T"x+e.
The direct, indirect, and total effects are
a, B=Tay, y=o0u+p.

In order to account for strong dependence among the high-dimensional variables, PRIME uses the factor models
x = Bif1+ v, (7;:) = By f2 + v2.
For each prespecified exposure group g, PRIME estimates a1, and =4, and gives us the indirect effect from
,é\g = ’79 - 6‘1,9-
The main differences from FARMA are given below.

1. Observed variables and surrogate measurements.

In Zhang et al. (2026a),  and m are observed exposures and mediators, and the direct and indirect effects
are defined for their original coordinates. The factors f1 and f» are introduced to account for the dependence
among these observed variables.

In FARMA, X and M are not the covariates and mediators themselves. They are high-dimensional surrogate
measurements of the latent factors fx and fa:

X=Txfx+ux, M=Tyufu+um.

Therefore, the individual coordinates of M are not treated as separate mediators. Instead, they provide
information about the underlying latent mediator fas.
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2. Exposure and causal target.
Zhang et al. (2026a) considers a high-dimensional exposure vector and studies direct and indirect effects for
individual exposures or prespecified groups:

H(():qd)ir tog =0, H((),gi)nd 1By = 0.
The corresponding inference problem is therefore high-dimensional and involves multiple testing.
FARMA considers a binary treatment A € {0,1}. The main target is the population-level counterfactual mean

bo=E {Y“’f(w?”} ;

which is then used together with the treatment-specific counterfactual means to obtain the natural direct,
natural indirect, and total effects. The goal is therefore different from identifying which coordinate of a high-
dimensional exposure has a direct or indirect effect.

3. Role of the factor structure.
In PRIME, the exposures and mediators are observed, and the factors are used to handle the strong dependence
among the high-dimensional variables.
In FARMA, the factors are themselves the latent covariates and mediators of interest. As a result, the factor
structure also plays an important role in identification. With fixed p and ¢, the latent mediation functional is
generally not point identified from (X, M) alone. We show that the observed-data functional approaches the
latent target as the numbers of surrogate measurements increase. We also allow the working dimensions to be
larger than the true factor dimensions:

p=D, q=7q.

Thus, the exact latent factor dimensions do not need to be known.

4. Model assumptions.
PRIME uses a high-dimensional linear structural equation model with sparsity assumptions on the regression
coefficients. The main model does not include unmeasured confounding, although observed confounders can
be added. The mediator-outcome coefficient is also common across exposure levels.
FARMA includes latent pre-treatment covariates fx, which adjust for confounding among the treatment,
mediator, and outcome. Since the regressions involving the latent factors are low-dimensional, our theory does
not require sparsity. We also allow the coefficients

(Bo, B1), (Bo, B1), (v0,71)

to vary across treatment levels.

5. Estimation and inference.
PRIME estimates the factor and idiosyncratic components and then uses group-wise partially penalized least
squares. Inference is based on tests for direct and indirect effects together with false discovery rate control.
FARMA uses projected surrogate variables followed by two cross-fitted low-dimensional regression steps. The
estimator targets a scalar mediation functional. We show that the estimator is y/n-consistent and asymptotically
normal, which allows inference for the population natural direct and indirect effects.

The difference can also be seen in the ADNI applications. Zhang et al. (2026a) use SNPs as high-dimensional ex-
posures and regional PET measurements as observed mediators. In our application, depressive status is the treatment,
while high-dimensional DNA methylation measurements are used as surrogates for an underlying latent mediating
process.

Summary of differences:

Zhang et al. (2026a): PRIME FARMA
High-dimensional variables Observed exposures and mediators Surrogate measurements X and M
Role of factors Account for dependence Latent covariates and mediators
Exposure High-dimensional Binary treatment A
Target Group-wise direct and indirect effects Population NDE, NIE, and TE
Covariates Not included in the core model Latent fx measured through X
Sparsity Required for high-dimensional coefficients Not required
Treatment-specific coefficients No Yes
Estimation Factor-adjusted penalized regression Cross-fitted projected regressions
Inference Group-wise tests and FDR control v/n-based inference
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